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THE RIGIDITY OF INFINITE GRAPHS
D. KITSON AND S.C. POWER
Abstract. A rigidity theory is developed for the Euclidean and non-
Euclidean placements of countably infinite simple graphs in the normed
spaces (Rd, ‖ · ‖q), for d ≥ 2 and 1 < q < ∞. Generalisations are ob-
tained for the Laman and Henneberg combinatorial characterisations of
generic infinitesimal rigidity for finite graphs in (R2, ‖ · ‖2). Also Tay’s
multi-graph characterisation of the rigidity of generic finite body-bar
frameworks in (Rd, ‖ · ‖2) is generalised to the non-Euclidean norms
and to countably infinite graphs. For all dimensions and norms it is
shown that a generically rigid countable simple graph is the direct limit
G = lim−→Gk of an inclusion tower of finite graphs G1 ⊆ G2 ⊆ . . . for
which the inclusions satisfy a relative rigidity property. For d ≥ 3 a
countable graph which is rigid for generic placements in Rd may fail the
stronger property of sequential rigidity, while for d = 2 the equivalence
with sequential rigidity is obtained from the generalised Laman char-
acterisations. Applications are given to the flexibility of non-Euclidean
convex polyhedra and to the infinitesimal and continuous rigidity of
compact infinitely-faceted simplicial polytopes.
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1. Introduction
In 1864 James Clerk Maxwell initiated a combinatorial trend in the rigid-
ity theory of finite bar-joint frameworks in Euclidean space. In two dimen-
sions this amounted to the observation that the underlying structure graph
G = (V,E) must satisfy the simple counting rule |E| ≥ 2|V |−3. For minimal
rigidity, in which any bar removal renders the framework flexible, equality
must hold together with the inequalities |E(H)| ≤ 2|V (H)| − 3 for sub-
graphs H with at least two vertices. The fundamental result that these two
necessary conditions are also sufficient for the minimal rigidity of a generic
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2 D. KITSON AND S.C. POWER
framework was obtained by Laman in 1970 and this has given impetus to
the development of matroid theory techniques. While corresponding count-
ing rules are necessary in three dimensions they fail to be sufficient and
a purely combinatorial characterisation of generic rigidity is not available.
On the other hand many specific families of finite graphs are known to be
generically rigid, such as the edge graphs of triangular-faced convex polyhe-
dra in three dimensions and the graphs associated with finite triangulations
of general surfaces. See, for example, Alexandrov [1], Fogelsanger [9], Gluck
[11], Kann [17] and Whiteley [41, 42].
A finite simple graph G is said to be generically d-rigid, or simply d-
rigid, if its realisation as some generic bar-joint framework in the Euclidean
space Rd is infinitesimally rigid. Here generic refers to the algebraic inde-
pendence of the set of coordinates of the vertices and infinitesimal rigidity
in this case is equivalent to continuous (nontrivial finite motion) rigidity
(Asimow and Roth [2, 3]). The rigidity analysis of bar-joint frameworks and
related frameworks, such as body-bar frameworks and body-hinge frame-
works, continues to be a focus of investigation, both in the generic case and
in the presence of symmetry. For example Katoh and Tanigawa [18] have
resolved the molecular conjecture for generic structures, while Schulze [37]
has obtained variants of Laman’s theorem for semi-generic symmetric bar-
joint frameworks. In the case of infinite frameworks however developments
have centred mainly on periodic frameworks and the infinitesimal and finite
motions which retain some form of periodicity. Indeed, periodicity hypothe-
ses lead to configuration spaces that are real algebraic varieties and so to
methods from multi-linear algebra and finite combinatorics. See, for exam-
ple, Borcea and Streinu [4], Connelly et al. [8], Malestein and Theran [22],
Owen and Power [32] and Ross, Schulze and Whiteley [36]. Periodic rigidity,
broadly interpreted, is also significant in a range of applied settings, such
as the mathematical analysis of rigid unit modes in crystals, as indicated in
Power [34] and Wegner [40], for example.
In the development below we consider general countable simple graphs
and the flexibility and rigidity of their placements in the Euclidean spaces
Rd and in the non-Euclidean spaces (Rd, ‖ · ‖q) for the classical `q norms,
for 1 < q < ∞. Also we consider several forms of rigidity, namely (ab-
solute) infinitesimal rigidity, infinitesimal rigidity for continuous velocity
fields, and, perhaps the most intriguing, rigidity with respect to continuous
time-parametrised flexes (finite flexes). The constraint conditions for the
non-Euclidean norms are no longer given by polynomial equations and we
adapt the Asimow-Roth notion of a regular framework to obtain the appro-
priate notion of a generic framework. This strand of non-Euclidean rigidity
theory for finite frameworks was begun in Kitson and Power [20] and here
we develop this in parallel with the usual Euclidean perspective.
In Theorem 3.19 we obtain generalisations of Laman’s theorem in the
form of a characterisation of the simple countable graphs which are generi-
cally rigid in two dimensional spaces. In Theorem 4.11 we obtain inductive
Henneberg move style constructions for the minimally infinitesimally rigid
graphs (isostatic graphs) in two dimensions. In the Euclidean case this en-
tails that the minimally 2-rigid graphs G are those that can be given as the
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limit of a construction chain
K2
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
where each of the moves µk is one of the two usual Henneberg moves for the
plane. We also see that the infinitesimally rigid countable simple graphs that
are infinitesimally rigid for two dimensions are necessarily sequentially rigid
in the sense that G contains a spanning subgraph which is a union of finite
graphs, each of which is infinitesimally rigid. This is the strongest form
of infinitesimal rigidity and the corresponding equivalence fails in higher
dimensions.
The inductive characterisations in two dimensions for the norms ‖·‖q, 1 <
q <∞, q 6= 2, require the rigidity matroid associated with the sparsity count
|E| = 2|V | − 2 and additional construction moves. A countable graph is in-
finitesimally rigid in this case if and only if it is inductively constructible
from K1 through an infinite sequence of 5 types of moves, namely, the Hen-
neberg vertex and edge moves, the vertex-to-K4 move, the vertex-to-4-cycle
move, and edge additions.
The results above rest in part on a general characterisation of infinitesi-
mal rigidity in terms of what we refer to as the relative rigidity of a finite
graph G1 with respect to a containing finite graph G2. Specifically, in all
dimensions we show that a countable simple graph G is infinitesimally rigid
if and only if there is a subgraph inclusion tower
G1 ⊆ G2 ⊆ G3 ⊆ · · ·
which is vertex spanning and in which for each k the graph Gk is relatively
infinitesimally rigid in Gk+1 (Theorem 3.10). This principle is useful for
determining the rigidity of infinite generic structures in a variety of other
contexts and we show here that Tay’s multi-graph characterisation of the
rigidity of generic finite body-bar frameworks in (Rd, ‖ · ‖2), for all d ≥ 2,
can be generalised to the countably infinite setting. Also we obtain a similar
infinite multi-graph characterisation of rigidity for the countably infinite
body-bar frameworks in non-Euclidean spaces, for 1 < q <∞.
It is natural to determine variants of Cauchy’s celebrated infinitesimal
rigidity theorem for simplicial polytopes in R3. We see that a finite simpli-
cial generic polytope in a non-Euclidean space is infinitesimally flexible but
becomes isostatic after the addition of three internal nonincident shafts. We
also define a family of infinitely-faceted strictly convex compact polytopes in
R3 and the countable graphs defined by their edges. In the simplicial case
such polytopes are associated with triangulations of a finitely punctured
2-sphere and we characterise the 3-rigid graphs of this type.
In the final section we consider rigidity relative to continuous motions and
give a non-Euclidean variant of the Asimow-Roth theorem on the equiva-
lence of infinitesimal and continuous rigidity for finite frameworks. Count-
able graphs can have both continuously flexible generic realisations and con-
tinuously rigid generic realisations, and the analysis of continuous rigidity
presents new challenges, even for crystallographic frameworks. We show
here that every simplicial polytope graph admits continuously rigid place-
ments (Theorem 6.9) and we see that a countable bar-joint framework may
be both infinitesimally rigid and continuously flexible (Example 6.4).
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2. Preliminaries
In this section we review the necessary background information on the
rigidity of finite graphs in Rd with respect to the Euclidean norm and the
non-Euclidean `q norms. For further details of the Euclidean context we
refer the reader to Graver, Servatius and Servatius [13] and the references
therein. This section and each of the subsequent sections is completed with
brief notes.
2.1. Continuous and infinitesimal rigidity. A bar-joint framework in a
normed vector space (X, ‖ · ‖) is a pair (G, p) consisting of a simple graph
G = (V (G), E(G)) and a mapping p : V (G)→ X, v 7→ pv with the property
that pv 6= pw whenever vw ∈ E(G). We call p a placement of G in X and the
collection of all placements of G in X will be denoted by P (G,X) or simply
P (G) when the context is clear. If H is a subgraph of G then the bar-joint
framework (H, p) obtained by restricting p to V (H) is called a subframework
of (G, p).
Definition 2.1. A continuous flex of (G, p) is a family of continuous paths
αv : [−1, 1]→ X, v ∈ V (G)
such that αv(0) = pv for all v ∈ V (G) and ‖αv(t)− αw(t)‖ = ‖pv − pw‖ for
all t ∈ [−1, 1] and all vw ∈ E(G).
A continuous flex is regarded as trivial if it results from a continuous
isometric motion of the ambient space. Formally, a continuous rigid motion
of (X, ‖ · ‖) is a mapping Γ(x, t) : X × [−1, 1]→ X which is isometric in the
variable x and continuous in the variable t with Γ(x, 0) = x for all x ∈ X.
Every continuous rigid motion gives rise to a continuous flex of (G, p) by
setting αv : [−1, 1] → X, t 7→ Γ(pv, t) for each v ∈ V (G). A continuous
flex of (G, p) is trivial if it can be derived from a continuous rigid motion
in this way. If every continuous flex of (G, p) is trivial then we say that
(G, p) is continuously rigid, otherwise we say that (G, p) is continuously
flexible. A bar-joint framework (G, p) is minimally continuously rigid if it is
continuously rigid and every subframework obtained by removing a single
edge from G is continuously flexible.
Definition 2.2. An infinitesimal flex of (G, p) is a mapping u : V (G)→ X,
v 7→ uv which satisfies
‖(pv + tuv)− (pw + tuw)‖ − ‖pv − pw‖ = o(t), as t→ 0
for each edge vw ∈ E(G).
We will denote the vector space of infinitesimal flexes of (G, p) by F(G, p).
An infinitesimal rigid motion of (X, ‖ · ‖) is a mapping γ : X → X derived
from a continuous rigid motion Γ by the formula γ(x) = ddtΓ(x, t)|t=0 for all
x ∈ X. The vector space of all infinitesimal rigid motions of (X, ‖ · ‖) is
denoted T (X). Every infinitesimal rigid motion γ ∈ T (X) gives rise to an
infinitesimal flex of (G, p) by setting uv = γ(pv) for all v ∈ V (G). We regard
such infinitesimal flexes as trivial and the collection of all trivial infinitesimal
flexes of (G, p) is a vector subspace of F(G, p) which we denote by T (G, p).
THE RIGIDITY OF INFINITE GRAPHS 5
The infinitesimal flexibility dimension of (G, p) is the vector space dimension
of the quotient space,
dimfl(G, p) := dimF(G, p)/T (G, p)
If T (G, p) is a proper subspace then (G, p) is said to be an infinitesimally
flexible bar-joint framework. Otherwise, we say that (G, p) is infinitesimally
rigid and we call p an infinitesimally rigid placement of G. A bar-joint
framework (G, p) is minimally infinitesimally rigid if it is infinitesimally rigid
and removing any edge results in a subframework which is infinitesimally
flexible.
We will consider the rigidity properties of bar-joint frameworks in Rd with
respect to the family {‖ · ‖q : q ∈ (1,∞)} of `q norms,
‖ · ‖q : Rd → R, ‖(x1, . . . , xd)‖q =
(
d∑
i=1
|xi|q
) 1
q
We use a subscript q to indicate the `q norm when referring to the collection
of infinitesimal rigid motions Tq(Rd) and the infinitesimal flexes Fq(G, p)
and trivial infinitesimal flexes Tq(G, p) of a bar-joint framework.
In the Euclidean setting q = 2 it is well-known that the space of infin-
itesimal rigid motions T2(Rd) has dimension d(d+1)2 . In the non-Euclidean
setting (Rd, ‖ · ‖q) where q ∈ (1, 2) ∪ (2,∞) the infinitesimal rigid motions
are precisely the constant mappings and so Tq(Rd) is d-dimensional (see [20,
Lemma 2.2]).
In the following proposition we write hv = (hv,1, . . . , hv,d) for each hv ∈
Rd.
Proposition 2.3. Let (G, p) be a bar-joint framework in (Rd, ‖ · ‖q) where
q ∈ (1,∞). Then a mapping u : V (G)→ Rd is an infinitesimal flex of (G, p)
if and only if
d∑
i=1
sgn(pv,i − pw,i)|pv,i − pw,i|q−1(uv,i − uw,i) = 0
for each edge vw ∈ E(G).
Proof. Given u : V (G)→ Rd and an edge vw ∈ E(G) we define
ζvw(t) = ‖(pv + tuv)− (pw + tuw)‖q
Then u ∈ Fq(G, p) if and only if ζ ′vw(0) = 0 for each vw ∈ E(G). We have
ζ ′vw(0) =
1
q
[
d∑
i=1
|pv,i − pw,i|q
] 1−q
q
[
d∑
i=1
g′i(0)
]
where gi(t) = |(pv,i + tuv,i)− (pw,i + tuw,i)|. If pv,i 6= pw,i then
g′i(0) = q sgn(pv,i − pw,i)|pv,i − pw,i|q−1(uv,i − uw,i)
If pv,i = pw,i then g
′
i(0) = 0 since
∂+g(0) = lim
t→0+
|uv,i − uw,i|tq−1 = 0 = lim
t→0−
−|uv,i − uw,i|tq−1 = ∂−g(0)
The result follows. 
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If G is a finite graph then the system of linear equations in Proposition
2.3 can be expressed as a matrix equation Rq(G, p)u = 0 where Rq(G, p) is
an |E(G)| × d|V (G)| matrix called the rigidity matrix for (G, p). The rows
of Rq(G, p) are indexed by the edges of G and the columns are indexed by
the d coordinates of pv for each vertex v ∈ V (G). The row entries for a
particular edge vw ∈ E(G) are,
[ pv pw
vw 0 · · · 0 (pv − pw)(q−1) 0 · · · 0 −(pv − pw)(q−1) 0 · · · 0
]
where we use the notation
(pv−pw)(q) = (sgn(pv,1−pw,1)|pv,1−pw,1|q, . . . , sgn(pv,d−pw,d)|pv,d−pw,d|q)
Evidently we have Fq(G, p) ∼= kerRq(G, p) for all q ∈ (1,∞) and it immedi-
ately follows that
rankRq(G, p) ≤ d|V (G)| − dim Tq(G, p)
with equality if and only if (G, p) is infinitesimally rigid.
Definition 2.4. A finite bar-joint framework (G, p) is regular in (Rd, ‖ · ‖q)
if the function
P (G,Rd)→ R, x 7→ rankRq(G, x)
achieves its maximum value at p.
The equivalence of continuous and infinitesimal rigidity for regular finite
bar-joint frameworks in Euclidean space was established by Asimow and
Roth [2, 3].
Theorem 2.5 (Asimow-Roth, 1978/9). If (G, p) is a finite bar-joint frame-
work in Euclidean space (Rd, ‖ · ‖2) then the following statements are equiv-
alent.
(i) (G, p) is continuously rigid and regular.
(ii) (G, p) is infinitesimally rigid.
In Section 6.1 we will extend this result to finite bar-joint frameworks in
the non-Euclidean spaces (Rd, ‖ · ‖q) for q ∈ (1,∞).
We now formalise our meaning of a generic finite bar-joint framework in
(Rd, ‖ · ‖q) for q ∈ (1,∞). The complete graph on the vertices V (G) will be
denoted KV (G).
Definition 2.6. A finite bar-joint framework (G, p) is generic in (Rd, ‖ · ‖q)
if p ∈ P (KV (G),Rd) and every subframework of (KV (G), p) is regular.
If (G, p) is a finite bar-joint framework then p will frequently be identi-
fied with a vector (pv1 , pv2 , . . . , pvn) ∈ Rd|V (G)| with respect to some fixed
ordering of the vertices V (G) = {v1, v2, . . . , vn}. In particular, the collection
of all generic placements of G in (Rd, ‖ · ‖q) is identified with a subset of
Rd|V (G)|.
Lemma 2.7. Let G be a finite simple graph and let q ∈ (1,∞). Then the
set of generic placements of G in (Rd, ‖ · ‖q) is an open and dense subset of
Rd|V (G)|.
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Proof. The set of regular placements of G is an open set since the rank func-
tion is lower semi-continuous and the matrix-valued function x 7→ Rq(G, x)
is continuous.
Let Vnr(G) denote the set of all non-regular placements of G and let V(G)
be the variety
V(G) :=
x ∈ Rd|V (G)| : ∏
vw∈E(G)
d∏
i=1
(xv,i − xw,i) = 0

If p ∈ Vnr(G)\V(G) then there exists a neighbourhood U of p such that
Vnr(G) ∩ U = {x ∈ U : φ1(x) = · · · = φm(x) = 0}
where φ1(x), . . . , φm(x) are the minors of Rq(G, x) which correspond to its
largest square submatrices. The entries ofRq(G, x) when viewed as functions
of x are real analytic at all points in the complement of V(G) and so in
particular we may assume that φ1, . . . , φm are real analytic on U . This
shows that Vnr(G)\V(G) is a real analytic set in Rd|V (G)| and so the set of
regular placements of G is a dense subset of Rd|V (G)|.
Finally, the set of generic placements of G is obtained as a finite intersec-
tion of open and dense sets. 
Note that the infinitesimal flexibility dimension dimfl(G, p) is constant on
the set of generic placements of G in (Rd, ‖ · ‖q).
Definition 2.8. Let G be a finite simple graph. The infinitesimal flexibility
dimension of G in (Rd, ‖ · ‖q) is
dimfl(G) := dimd,q(G) := dimfl(G, p) = dimFq(G, p)/Tq(G, p).
where p is any generic placement of G.
Example 2.9. Let (K3, p) be the bar-joint framework in (R2, ‖ · ‖3) illus-
trated in Figure 1 where K3 is the complete graph on the vertices v, w, o
and
po = (0, 0), pv = (−
√
3, 1), pw = (
√
3, 1)
A non-trivial infinitesimal flex u = (uo, uv, uw) ∈ F3(K3, p) is given by
uo = (0, 0), uv = (−1
3
,−1), uw = (−1
3
, 1)
and is indicated by the dotted arrows which are tangent to a sphere in
(R2, ‖ · ‖3). The rigidity matrix shows that this is a generic placement and
so dim2,3K3 = 1.
If G has a (minimally) infinitesimally rigid placement then all generic
placements of G are (minimally) infinitesimally rigid in (Rd, ‖ · ‖q).
Definition 2.10. A finite simple graph G is (minimally) rigid in (Rd, ‖ · ‖q)
if the generic placements of G are (minimally) infinitesimally rigid.
One can readily verify that the complete graph Kd+1 on d + 1 vertices
satisfies dimd,2(Kd+1) = 0 and that Kd+1 is minimally rigid for Rd with
the Euclidean norm. Also, in d dimensions we have dimd,q(K2d) = 0, with
minimal rigidity, for each of the non-Euclidean q-norms.
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
pv,1 pv,2 pw,1 pw,2 po,1 po,2
vw −12 0 12 0 0 0
vo −3 1 0 0 3 −1
ow 0 0 3 1 −3 −1

Figure 1. A non-trivial infinitesimal flex and rigidity matrix
for a generic placement of K3 in (R2, ‖ · ‖3).
As noted in Alexandrov [1] (page 125) Cauchy essentially proved [7] that
if all faces of a closed convex polyhedron are infinitesimally rigid in the
Euclidean space R3 then the polyhedron itself is infinitesimally rigid. The
following theorem is occasionally referred to as the generic form of Cauchy’s
rigidity theorem for convex polyhedra.
Theorem 2.11 (Cauchy, 1905). Let G be the edge graph of a convex poly-
hedron with triangular faces. Then G is rigid in (R3, ‖ · ‖2).
In Section 4.2 we extend Cauchy’s rigidity theorem to finite non-Euclidean
bar-joint frameworks and in Section 4.3 we obtain a variant of Cauchy’s
rigidity theorem for a class of infinite triangulated planar graphs.
2.2. Sparsity and rigidity. We recall the following classes of multi-graphs.
Definition 2.12. Let k, l ∈ N. A multi-graph G is
(1) (k, l)-sparse if |E(H)| ≤ k|V (H)|− l for each subgraph H of G which
contains at least two vertices.
(2) (k, l)-tight if it is (k, l)-sparse and |E(G)| = k|V (G)| − l.
Our main interests are in the classes of simple (2, 2)-sparse and (2, 3)-
sparse graphs and the class of (k, k)-sparse multi-graphs for k ≥ 2.
Example 2.13. The complete graph Kn is (k, k)-sparse for 1 ≤ n ≤ 2k,
(k, k)-tight for n ∈ {1, 2k} and fails to be (k, k)-sparse for n > 2k. Also, K2
and K3 are (2, 3)-tight while Kn fails to be (2, 3)-sparse for n ≥ 4.
Laman’s theorem ([21]) provides a combinatorial characterisation of the
class of finite simple graphs which are rigid in the Euclidean plane and can
be restated as follows.
Theorem 2.14 (Laman, 1970). If G is a finite simple graph then the fol-
lowing statements are equivalent.
(i) G is rigid in (R2, ‖ · ‖2).
(ii) G contains a (2, 3)-tight spanning subgraph.
In particular, a generic bar-joint framework (G, p) is minimally infinites-
imally rigid in (R2, ‖ · ‖2) if and only if G is (2, 3)-tight. In [20] an ana-
logue of Laman’s theorem was obtained for bar-joint frameworks in the
non-Euclidean spaces (R2, ‖ · ‖q). We can restate this result as follows.
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Theorem 2.15 ([20]). If G is a finite simple graph and q ∈ (1, 2) ∪ (2,∞)
then the following statements are equivalent.
(i) G is rigid in (R2, ‖ · ‖q).
(ii) G contains a (2, 2)-tight spanning subgraph.
In Section 3.3 we will extend Laman’s combinatorial characterisation and
its non-Euclidean analogue to countable graphs in (R2, ‖ · ‖q) for all q ∈
(1,∞). The class of (k, k)-sparse graphs will be used in Section 5 to obtain
analogous results for generic finite and countable body-bar frameworks in
(Rd, ‖ · ‖q) for all d ≥ 2.
To end this section we collect the following facts about sparse graphs
which will play a key role in later sections.
Lemma 2.16. Let G be a (k, l)-sparse multi-graph and let H1 and H2 be
subgraphs of G both of which are (k, l)-tight. Suppose that one of the follow-
ing conditions holds.
(a) k = 2, l = 3 and H1 ∩H2 contains at least two vertices, or,
(b) k = l and H1 ∩H2 contains at least one vertex.
Then H1 ∪H2 and H1 ∩H2 are (k, l)-tight.
Proof. Applying the sparsity counts for the subgraphs H1∩H2 and H1∪H2
we have
k|V (H1 ∪H2)| ≤ k|V (H1 ∪H2)|+ k|V (H1 ∩H2)| − l − |E(H1 ∩H2)|
= (k|V (H1)| − l) + (k|V (H2)| − l)− |E(H1 ∩H2)|+ l
= |E(H1)|+ |E(H2)| − |E(H1 ∩H2)|+ l
= |E(H1 ∪H2)|+ l
Thus H1 ∪H2 is (k, l)-tight and a similar argument can be applied for the
intersection H1 ∩H2. 
Lemma 2.17. Let G be a (k, l)-sparse multi-graph containing vertices v, w ∈
V (G) with vw /∈ E(G) and let G′ = G ∪ {vw}. Then exactly one of the
following conditions must hold.
(i) G′ is (k, l)-sparse, or,
(ii) there exists a (k, l)-tight subgraph of G which contains both v and w.
Proof. If G′ is not (k, l)-sparse then there exists a subgraph H ′ of G′ which
fails the sparsity count. Now H ′\{vw} is a (k, l)-tight subgraph of G which
contains both v and w. Conversely, if H is a (k, l)-tight subgraph of G which
contains both v and w then H ∪ {vw} is a subgraph of G′ which fails the
sparsity count. 
Proposition 2.18. Let G be a (k, l)-sparse multi-graph. Suppose that one
of the following conditions holds.
(a) k = 2, l = 3 and G contains at least two vertices, or,
(b) k = l and G contains at least 2k vertices.
Then the following statements are equivalent.
(i) G is (k, l)-tight.
(ii) Every pair of distinct vertices v, w ∈ V (G) with vw /∈ E(G) is con-
tained in a (k, l)-tight subgraph of G.
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Moreover, G is a spanning subgraph of a (k, l)-tight graph G′ obtained by
adjoining edges of the form vw to E(G) where v and w are distinct vertices
of V (G).
Proof. The implication (i) ⇒ (ii) is immediate and so we prove (ii) ⇒ (i).
If G is a complete graph then since G is (k, l)-sparse we have G = K2 or
G = K3 when (a) holds and G = K2k when (b) holds. Since K2k is (k, k)-
tight and K2 and K3 are both (2, 3)-tight, the conclusion of the lemma is
clear in these cases.
We now assume that G is not a complete graph. Suppose that every pair
of distinct vertices v, w ∈ V (G) with vw /∈ E(G) is contained in a (k, l)-
tight subgraph Hv,w. Let H be the subgraph of G which is the union of all
subgraphs Hv,w.
Consider the case when k = 2 and l = 3. By Lemma 2.16, H can be
decomposed as a union of (2, 3)-tight subgraphs H1, . . . ,Hn such that no
pair Hi, Hj shares more than one vertex. Note that
|E(H)| =
n∑
j=1
|E(Hj)| =
n∑
j=1
(2|V (Hj)| − 3) ≥ 2|V (H)| − 3n
Each of the subgraphs Hv,w must contain at least four vertices since it is
(2, 3)-tight, contains the vertices v and w but does not contain the edge vw.
Suppose Hi 6= Hj . Since Hi and Hj intersect in at most one vertex and each
contains at least four vertices there exists distinct vi, wi ∈ V (Hi)\V (Hj)
and vj , wj ∈ V (Hj)\V (Hi). By our definition of H the four interconnecting
edges vivj , viwj , wivj and wiwj must belong to G. It follows that there are
at least 4
(
n(n−1)
2
)
distinct interconnecting edges between the subgraphs
H1, . . . ,Hn. Also if v ∈ V (G)\V (H) then again by the definition of H we
must have vw ∈ E(G)\E(H) for all w ∈ V (G)\{v}. Thus
|E(G)\E(H)| ≥ (|V (G)| − 1)|V (G)\V (H)|+ 4
(
n(n− 1)
2
)
For n ≥ 1 we have
|E(G)| ≥ |E(H)|+ 2n(n− 1) + (|V (G)| − 1)|V (G)\V (H)|
≥ 2|V (H)| − 3n+ 2n(n− 1) + (|V (G)| − 1)|V (G)\V (H)|
= 2|V (G)| − 3n+ 2n(n− 1) + (|V (G)| − 3)|V (G)\V (H)|
≥ 2|V (G)| − 3
Thus G is (2, 3)-tight.
Now consider the case when k = l. By Lemma 2.16, H can be decomposed
as a vertex-disjoint union of (k, k)-tight subgraphs H1, . . . ,Hn. Note that
|E(H)| =
n∑
j=1
|E(Hj)| =
n∑
j=1
(k|V (Hj)| − k) = k|V (H)| − kn
Each of the subgraphs Hv,w must contain at least 2k + 1 vertices since it
is (k, k)-tight, contains the vertices v and w but does not contain the edge
vw. It follows that there are at least τ(k, n) := (2k + 1)2
(
n(n−1)
2
)
distinct
interconnecting edges between the subgraphs H1, . . . ,Hn.
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For n ≥ 1 we have
|E(G)| ≥ |E(H)|+ τ(k, n) + (|V (G)| − 1)|V (G)\V (H)|
= k|V (H)| − kn+ τ(k, n) + (|V (G)| − 1)|V (G)\V (H)|
= k|V (G)| − kn+ τ(k, n) + (|V (G)| − (k + 1))|V (G)\V (H)|
≥ k|V (G)| − k
Thus G is (k, k)-tight. This completes the proof that (ii)⇒ (i).
To prove the final statement suppose that G is not (k, l)-tight. By the
above arguments there exists a pair of distinct vertices v, w ∈ V (G) with
vw /∈ E(G) such that no (k, l)-tight subgraph of G contains both v and w.
Let G1 = G ∪ {vw}. By Lemma 2.17, G1 is also (k, l)-sparse and so we
can repeat this argument with G1 in place of G. In this way we construct
G1, G2, G3, . . . by adjoining edges to G. This procedure must terminate after
finitely many steps and so Gn is (k, l)-tight for some n ∈ N. 
2.3. Remarks. Accounts of the foundations of geometric rigidity theory
can be found in Alexandrov [1], Graver [10], Graver, Servatius and Servatius
[13] and Whiteley [45]. Also [13] has a comprehensive guide to the literature
up to 1993. Gluck [11] proved that every infinitesimally rigid finite bar-
joint framework in the Euclidean space R3 is continuously rigid and showed
that for the usual algebraic notion of a generic framework (G, p) (the vertex
coordinates of the pi should be algebraically independent over Q) there is
an equivalence between infinitesimal rigidity, continuous rigidity and what
might be called perturbational rigidity (all sufficiently nearby equivalent
frameworks are congruent). The influential papers of Asimow and Roth
introduced regular frameworks as a more appropriate form of genericity.
We have followed Graver [10] in our definition of “generic”, requiring that
all frameworks supported by the pi should be regular.
3. Rigidity of countable graphs
In this section we consider bar-joint frameworks (G, p) in which G is a
countably infinite graph. Our main result is to establish the general principle
that infinitesimal rigidity is equivalent to local relative rigidity in the sense
that every finite subframework is rigid relative to some finite containing
superframework. It follows that every countable bar-joint framework which
can be expressed as a union of an increasing sequence of infinitesimally rigid
finite frameworks is itself infinitesimally rigid. In general this implication
is only one-way and we illustrate this fact with an example in (R3, ‖ · ‖2).
However, we prove in Theorem 3.18 that the two notions are equivalent for
bar-joint frameworks in (R2, ‖ · ‖q) for all q ∈ (1,∞).
3.1. Relative infinitesimal rigidity. We first define a weak form of in-
duced rigidity for a subgraph and prove that in two dimensional `q spaces
relative infinitesimal rigidity is equivalent to the existence of a rigid contain-
ing framework.
Definition 3.1. Let (G, p) be a bar-joint framework in a normed space
(X, ‖ · ‖).
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(1) A subframework (H, p) is relatively infinitesimally rigid in (G, p) if
there is no non-trivial infinitesimal flex of (H, p) which extends to
an infinitesimal flex of (G, p).
(2) A subframework (H, p) has an infinitesimally rigid container in (G, p)
if there exists an infinitesimally rigid subframework of (G, p) which
contains (H, p) as a subframework.
If the complete bar-joint framework (KV (H), p) is infinitesimally rigid in
(X, ‖ · ‖) then relative infinitesimal rigidity is characterised by the property
F(G, p) = F(G ∪KV (H), p)
It follows that relative infinitesimal rigidity is a generic property for bar-
joint frameworks in (Rd, ‖ · ‖q) for all q ∈ (1,∞) since if p and p˜ are two
generic placements of G then
Fq(G, p˜) ∼= Fq(G, p) = Fq(G ∪KV (H), p) ∼= Fq(G ∪KV (H), p˜)
To ensure that (KV (H), p) is infinitesimally rigid in the Euclidean case we
require that H contains at least d + 1 vertices while in the non-Euclidean
cases H must contain at least 2d vertices. We will say that a subgraph H is
relatively rigid in G with respect to (Rd, ‖ · ‖q) if the subframework (H, p) is
relatively infinitesimally rigid in (G, p) for some (and hence every) generic
placement of G. Note that the existence of an infinitesimally rigid container
is also a generic property for bar-joint frameworks in (Rd, ‖ · ‖q). We will
say that a subgraph H has a rigid container in G with respect to (Rd, ‖ · ‖q)
if there exists a rigid subgraph of G which contains H.
If (H, p) has an infinitesimally rigid container in (G, p) then (H, p) is
relatively infinitesimally rigid in (G, p). The converse statement is not true
in general as the following example shows.
Example 3.2. Figure 2 illustrates a generic bar-joint framework (G, p) in
(R3, ‖ · ‖2) with subframework (H, p) indicated by the shaded region. Note
that (H, p) is relatively infinitesimally rigid in (G, p) but does not have an
infinitesimally rigid container in (G, p).
Figure 2. An example of a relatively rigid subgraph in the
Euclidean space R3 which does not have a rigid container.
In the following we will say that a finite simple graph G is independent
in (Rd, ‖ · ‖q) if the rigidity matrix Rq(G, p) is independent for some (and
hence every) generic placement p : V (G)→ Rd.
Proposition 3.3. Let G be a finite simple graph and let q ∈ (1,∞). Suppose
that one of the following conditions holds.
(a) q = 2, l = 3 and G contains at least two vertices, or,
(b) q 6= 2, l = 2 and G contains at least four vertices.
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Then the following statements are equivalent.
(i) G is independent in (R2, ‖ · ‖q).
(ii) G is (2, l)-sparse.
Proof. Let p : V (G) → R2 be a generic placement of G in (R2, ‖ · ‖q). If G
is independent and H is a subgraph of G then |E(H)| = rankRq(H, p) ≤
2|V (H)| − l. We conclude that G is (2, l)-sparse.
Conversely, if G is (2, l)-sparse then, by Proposition 2.18, G is a subgraph
of some (2, l)-tight graph G′ with V (G) = V (G′). By Laman’s theorem and
its analogue for the non-Euclidean case (Theorems 2.14 and 2.15), (G′, p) is
minimally infinitesimally rigid and so G is independent. 
We now show that relative infinitesimal rigidity does imply the exis-
tence of an infinitesimally rigid container for generic bar-joint frameworks
in (R2, ‖ · ‖q) for all q ∈ (1,∞).
Theorem 3.4. Let G be a finite simple graph and let H be a subgraph of
G. Suppose that q ∈ (1,∞) and that one of the following conditions holds.
(a) q = 2 and H contains at least two vertices, or,
(b) q 6= 2 and H contains at least four vertices.
Then the following statements are equivalent.
(i) H is relatively rigid in G with respect to (R2, ‖ · ‖q).
(ii) H has a rigid container in G with respect to (R2, ‖ · ‖q).
Proof. (i)⇒ (ii) Consider first the case when G is independent with respect
to (R2, ‖ ·‖q). By Proposition 3.3, G is (2, l)-sparse (where l = 3 when q = 2
and l = 2 when q 6= 2). Since KV (H) is rigid in (R2, ‖ · ‖q) the relative
rigidity property implies that
Fq(G, p) = Fq(G ∪KV (H), p)
for every generic placement p ∈ P(G). It follows that if v, w ∈ V (H) and
vw /∈ E(G) then G∪{vw} is dependent. By Proposition 3.3, G∪{vw} is not
(2, l)-sparse. Thus by Lemma 2.17 there exists a (2, l)-tight subgraph Hv,w of
G with v, w ∈ V (Hv,w). By Theorems 2.14 and 2.15, Hv,w is rigid (R2, ‖·‖q).
Let H ′ be the subgraph of G which consists of H and the subgraphs Hv,w.
Then H ′ is rigid in (R2, ‖ · ‖q) and so H ′ is a rigid container for H in G.
If G is dependent then let p : V (G) → R2 be a generic placement of G.
There exists an edge vw ∈ E(G) such that
kerRq(G, p) = kerRq(G\vw, p)
Let G1 = G\vw and H1 = H\vw and note that H1 is relatively rigid in G1.
Continuing to remove edges in this way we arrive after finitely many itera-
tions at subgraphs Hn and Gn such that V (Hn) = V (H), Hn is relatively
rigid in Gn and Gn is independent. By the above argument there exists a
rigid container H ′n for Hn in Gn. Now H ′ = H ′n ∪H is a rigid container for
H in G.
(ii)⇒ (i) Let H ′ be a rigid container for H in G and let p : V (G)→ R2
be a generic placement of G in (R2, ‖ · ‖q). Then no non-trivial infinitesimal
flex of (H, p) can be extended to an infinitesimal flex of (H ′, p) and so the
result follows. 
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3.2. Flex cancellation and relatively rigid towers. A tower of bar-
joint frameworks in a normed vector space (X, ‖ ·‖) is a sequence {(Gk, pk) :
k ∈ N} of finite bar-joint frameworks in (X, ‖ · ‖) such that (Gk, pk) is a
subframework of (Gk+1, pk+1) for each k ∈ N. The linear maps
ρj,k : F(Gk, pk)→ F(Gj , pj)
defined for all j ≤ k by the restriction of flexes determine an inverse system
(F(Gk, pk), ρj,k) with associated vector space inverse limit lim←−F(Gk, pk).
Definition 3.5. A tower of bar-joint frameworks {(Gk, pk) : k ∈ N} has the
flex cancellation property if for each k ∈ N and any non-trivial infinitesimal
flex uk of (Gk, pk) there is an m > k such that uk does not extend to an
infinitesimal flex of (Gm, pm).
If a bar-joint framework (Gm, pm) in a tower {(Gk, pk) : k ∈ N} has a non-
trivial infinitesimal flex um : V (Gm) → X which can be extended to every
containing framework in the tower then we call um an enduring infinitesimal
flex for the tower.
Lemma 3.6. Let {(Gk, pk) : k ∈ N} be a tower of bar-joint frameworks in
a finite dimensional normed space (X, ‖ · ‖) and let u1 be an infinitesimal
flex of (G1, p1) which is an enduring flex for the tower. Then there exists
a sequence {uk}∞k=1 such that, for each k ∈ N, uk is an infinitesimal flex of
(Gk, pk) and uk+1 is an extension of uk.
Proof. If u1 is a trivial infinitesimal flex of (G1, p1) then there exists γ ∈
T (X) such that u1(v) = γ(p1(v)) for all v ∈ V (G1). Define uk(v) = γ(pk(v))
for all v ∈ V (Gk) and all k ∈ N. Then {uk}∞k=1 is the required sequence. Now
suppose that u1 is non-trivial. Denote by F (k) ⊂ F(Gk, pk) the vector space
of all infinitesimal flexes u ∈ F(Gk, pk) with the property that there exists a
scalar λ ∈ K such that u(v) = λu1(v) for all v ∈ V (G1). Let ρk : F (k) → F (2)
be the restriction map and note that since u1 is an enduring flex we have a
decreasing chain of non-zero finite dimensional linear spaces
F (2) ⊇ ρ3(F (3)) ⊇ ρ4(F (4)) ⊇ ρ5(F (5)) ⊇ · · ·
Thus there exists m ∈ N such that ρn(F (n)) = ρm(F (m)) for all n > m. Since
u1 is non-trivial and enduring there is a necessarily non-trivial extension u˜m
say in F (m). Let u2 be the restriction of u˜m to (G2, p2). Note that u2 is
an enduring flex since for each n > m we have u2 ∈ ρm(F (m)) = ρn(F (n)).
Also u2 is an extension of u1. An induction argument can now be applied
to obtain a sequence of consecutive extensions uk ∈ F(Gk, pk). 
A bar-joint framework (G, p) contains a tower {(Gk, pk) : k ∈ N} if
(Gk, pk) is a subframework of (G, p) for each k ∈ N. A tower in (G, p)
is vertex-complete if V (G) = ∪k∈NV (Gk) and edge-complete if E(G) =
∪k∈NE(Gk). If a tower is edge-complete then the vector space F(G, p) of
infinitesimal flexes is naturally isomorphic to the vector space inverse limit
F(G, p) ∼= lim←− F(Gk, pk)
Proposition 3.7. Let (G, p) be a countable bar-joint framework in a finite
dimensional normed space (X, ‖ · ‖). If (G, p) is infinitesimally rigid then
every edge-complete tower in (G, p) has the flex cancellation property.
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Proof. Suppose there exists an edge-complete tower {(Gk, pk) : k ∈ N} of
finite frameworks in (G, p) which does not have the flex cancellation prop-
erty. Then there exists a non-trivial infinitesimal flex of some (Gk, pk) which
is an enduring flex for the tower. We may assume without loss of general-
ity that k = 1. By Lemma 3.6 there is a sequence of infinitesimal flexes
u1, u2, u3, . . . for the chain with each flex extending the preceding flex. The
tower is edge-complete and so this sequence defines an infinitesimal flex u
for (G, p) by setting u(v) = uk(v) for all v ∈ V (Gk) and all k ∈ N. Since
u1 is a non-trivial infinitesimal flex of (G1, p1) the flex u is a non-trivial
infinitesimal flex of (G, p). 
We can now establish the connection between relative rigidity, flex can-
cellation and infinitesimal rigidity for countable bar-joint frameworks.
Definition 3.8. A tower of bar-joint frameworks {(Gk, pk) : k ∈ N} is
relatively infinitesimally rigid if (Gk, pk) is relatively infinitesimally rigid in
(Gk+1, pk+1) for each k ∈ N.
Lemma 3.9. Let {(Gk, pk) : k ∈ N} be a framework tower in a finite dimen-
sional normed space (X, ‖ · ‖). If {(Gk, pk) : k ∈ N} has the flex cancellation
property then there exists an increasing sequence (mk)
∞
k=1 of natural num-
bers such that the tower {(Gmk , pmk) : k ∈ N} is relatively infinitesimally
rigid.
Proof. Let F (k) ⊂ F(G1, p1) denote the set of all infinitesimal flexes of
(G1, p1) which extend to (Gk, pk) but not (Gk+1, pk+1). Suppose there exists
an increasing sequence (nk)
∞
k=1 of natural numbers such that F (nk) 6= ∅ for
all k ∈ N. Choose an element uk ∈ F (nk) for each k ∈ N and note that
{uk : k ∈ N} is a linearly independent set in F(G1, p1). Since F(G1, p1) is
finite dimensional we have a contradiction. Thus there exists m1 ∈ N such
that F (k) = ∅ for all k ≥ m1 and so (G1, p1) is relatively infinitesimally rigid
in (Gm1 , pm1). The result now follows by an induction argument. 
Theorem 3.10. Let (G, p) be a countable bar-joint framework in a finite di-
mensional real normed linear space (X, ‖ · ‖). Then the following statements
are equivalent.
(i) (G, p) is infinitesimally rigid.
(ii) (G, p) contains a vertex-complete tower which has the flex cancellation
property.
(iii) (G, p) contains a vertex-complete tower which is relatively infinitesi-
mally rigid.
Proof. The implication (i) ⇒ (ii) is a consequence of Proposition 3.7. To
prove (ii) ⇒ (iii) apply Lemma 3.9. We now prove (iii) ⇒ (i). Let
{(Gk, pk) : k ∈ N} be a vertex-complete tower in (G, p) which is relatively
infinitesimally rigid and suppose u is a non-trivial infinitesimal flex of (G, p).
We will construct inductively a sequence (γn)
∞
n=1 of infinitesimal rigid mo-
tions of X and an increasing sequence (kn)
∞
n=1 of natural numbers satisfying
• u(v) = γn(p(v)) for all v ∈ V (Gkn)
• u(vkn+1) 6= γn(p(vkn+1)) for some vkn+1 ∈ V (Gkn+1)
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Since the tower {(Gk, pk) : k ∈ N} is relatively infinitesimally rigid the
restriction of u to (Gk, pk) is trivial for each k ∈ N. Thus there exists
γ1 ∈ T (X) such that u(v) = γ1(p(v)) for all v ∈ V (G1). Let k1 = 1. Since
u is non-trivial and the tower is vertex-complete there exists k2 > k1 such
that u(vk2) 6= γ1(p(vk2)) for some vk2 ∈ V (Gk2). Now the restriction of u to
(Gk2 , pk2) is trivial and so there exists γ2 ∈ T (X) such that u(v) = γ2(p(v))
for all v ∈ V (Gk2). In general, given γn ∈ T (X) and kn ∈ N we construct
γn+1 and kn+1 using the same argument.
Let sn = γn+1 − γn ∈ T (X). Then sn(p(v)) = 0 for all v ∈ V (Gkn) and
sn(p(vkn+1)) 6= 0 for some vkn+1 ∈ V (Gkn+1). Thus {sn : n ∈ N} is a linearly
independent set in T (X) and since T (X) is finite dimensional we have a
contradiction. We conclude that (G, p) is infinitesimally rigid. 
Theorem 3.10 gives useful criteria for the determination of infinitesimal
rigidity of a countable framework (G, p).
Definition 3.11. A countable bar-joint framework (G, p) is sequentially in-
finitesimally rigid if there exists a vertex-complete tower of bar-joint frame-
works {(Gk, pk) : k ∈ N} in (G, p) such that (Gk, pk) is infinitesimally rigid
for each k ∈ N.
Corollary 3.12. Let (G, p) be a countable bar-joint framework in a finite
dimensional normed space (X, ‖ · ‖). If (G, p) is sequentially infinitesimally
rigid then (G, p) is infinitesimally rigid.
Proof. If there exists a vertex-complete tower {(Gk, pk) : k ∈ N} in (G, p)
such that (Gk, pk) is infinitesimally rigid for each k ∈ N then this framework
tower is relatively infinitesimally rigid. The result now follows from Theorem
3.10. 
3.3. A characterisation of rigidity for countable graphs. Let G be a
countably infinite simple graph and let q ∈ (1,∞).
Definition 3.13. A placement p : V (G) → Rd is generic in (Rd, ‖ · ‖q) if
every finite subframework of (G, p) is generic.
A tower of graphs is a sequence of finite graphs {Gk : k ∈ N} such that
Gk is a subgraph of Gk+1 for each k ∈ N. A countable graph G contains
a vertex-complete tower {Gk : k ∈ N} if each Gk is a subgraph of G and
V (G) = ∪k∈NV (Gk).
Proposition 3.14. Every countable simple graph G has a generic placement
in (Rd, ‖ · ‖q) for q ∈ (1,∞).
Proof. Let {Gk : k ∈ N} be a vertex-complete tower in G and let
pij,k : Rd|V (Gk)| → Rd|V (Gj)|, (xv)v∈V (Gk) 7→ (xv)v∈V (Gj)
be the natural projections whenever Gj ⊆ Gk. By Lemma 2.7 the set of
generic placements of each Gk is an open and dense subset of Rd|V (Gk)|. It
follows by an induction argument that for each k ∈ N there exists an open
ball B(pk, rk) in Rd|V (Gk)| consisting of generic placements of Gk such that
rk+1 < rk and the projection pik,k+1(pk+1) is contained in the open ball
B(pk,
rk
2k
). For each j ∈ N the sequence {pij,k(pk)}∞k=j is a Cauchy sequence
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of points in B(pj ,
rj
2 ) ⊂ Rd|V (Gj)| and hence converges to a point in B(pj , rj).
Define p : V (G)→ Rd by setting
p(v) = lim
k→∞, k≥j
pk(v), ∀ v ∈ V (Gj), ∀ j ∈ N
The restriction of p to V (Gj) is a generic placement of Gj for all j ∈ N and
so p is a generic placement of G. 
We now show that infinitesimal rigidity and sequential infinitesimal rigid-
ity are generic properties for countable bar-joint frameworks in (Rd, ‖ · ‖q)
for all q ∈ (1,∞).
Proposition 3.15. Let (G, p) be a generic countable bar-joint framework
in (Rd, ‖ · ‖q) where q ∈ (1,∞).
(i) The infinitesimal flex dimension dimfl(G, p) is constant on the set of
all generic placements of G.
(ii) If (G, p) is infinitesimally rigid then every generic placement of G is
infinitesimally rigid.
(iii) If (G, p) is sequentially infinitesimally rigid then every generic place-
ment of G is sequentially infinitesimally rigid.
Proof. To show (i) choose an edge complete tower {(Gk, p) : k ∈ N} in
(G, p). Then Fq(G, p) is isomorphic to the inverse limit of the inverse system
(Fq(Gk, p), ρj,k) and similarly Tq(G, p) is isomorphic to the inverse limit of
the inverse system (Tq(Gk, p), ρj,k) where ρj,k are restriction maps. If p′ is
another generic placement of G then Fq(Gk, p) is isomorphic to Fq(Gk, p′)
and Tq(Gk, p) is isomorphic to Tq(Gk, p′) for each k. Hence the corresponding
inverse limits are isomorphic,
Fq(G, p) ∼= lim←− Fq(Gk, p) ∼= lim←− Fq(Gk, p
′) ∼= Fq(G, p′)
Tq(G, p) ∼= lim←− Tq(Gk, p) ∼= lim←− Tq(Gk, p
′) ∼= Tq(G, p′)
In particular the infinitesimal flex dimensions agree,
dimfl(G, p) = dimFq(G, p)/Tq(G, p) = dimFq(G, p′)/Tq(G, p′) = dimfl(G, p′)
Statement (ii) follows immediately from (i) and (iii) holds since infini-
tesimal rigidity is a generic property for finite bar-joint frameworks.

The infinitesimal flex dimension of a countable graph and the classes of
countable rigid and sequentially rigid graphs are now defined.
Definition 3.16. Let G be a countable simple graph.
(i) G is (minimally) rigid in (Rd, ‖ · ‖q) if the generic placements of G are
(minimally) infinitesimally rigid.
(ii) G is sequentially rigid in (Rd, ‖ · ‖q) if the generic placements of G are
sequentially infinitesimally rigid.
(iii) The infinitesimal flexibility dimension of G in (Rd, ‖ · ‖q) is
dimfl(G) := dimd,q(G) := dimfl(G, p) = dimFq(G, p)/Tq(G, p).
where p is any generic placement of G.
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The following example demonstrates the non-equivalence of rigidity and
sequential rigidity for countable graphs. The surprising fact that these prop-
erties are in fact equivalent in two dimensions is established in Theorem 3.18
below.
Example 3.17. Figure 3 illustrates the first three graphs in a tower {Gn :
n ∈ N} in which Gn is constructed inductively from a double banana graph
G1 by flex cancelling additions of copies of K5\e (single banana graphs). The
union G of these graphs is a countable graph whose maximal rigid subgraphs
are copies of K5\e. Thus the generic placements of G are not sequentially
infinitesimally rigid. However the tower is relatively rigid in (R3, ‖ · ‖2) and
so G is rigid.
Figure 3. The graphs G1, G2 and G3 in Example 3.17.
We now prove the equivalence of rigidity and sequential rigidity for count-
able graphs in (R2, ‖ · ‖q) for q ∈ (1,∞).
Theorem 3.18. Let G be a countable simple graph and let q ∈ (1,∞). Then
the following statements are equivalent.
(i) G is rigid in (R2, ‖ · ‖q).
(ii) G is sequentially rigid in (R2, ‖ · ‖q).
Proof. (i) ⇒ (ii) Suppose G is rigid in (R2, ‖ · ‖q) and let p : V (G) → R2
be a generic placement. By Theorem 3.10, (G, p) has a vertex-complete
framework tower {(Gk, p) : k ∈ N} which is relatively infinitesimally rigid.
By Theorem 3.4, Gk has a rigid container Hk in Gk+1 for each k ∈ N. Thus
{Hk : k ∈ N} is the required vertex-complete tower of rigid subgraphs in G.
(iii) ⇒ (i) If p : V (G) → R2 is a generic placement of G in (R2, ‖ · ‖q)
then by Corollary 3.12 (G, p) is infinitesimally rigid and so G is rigid. 
The following two theorems can be viewed as an extension of Laman’s the-
orem and its analogue for the non-Euclidean `q norms to countable graphs.
We use the convention that if P is a property of a graph then a P -tower is
a tower for which each graph Gk has property P . Thus a (2, 3)-tight tower
is a nested sequence of subgraphs {Gk : k ∈ N} each of which is (2, 3)-tight.
Theorem 3.19. Let G be a countable simple graph.
(A) The following statements are equivalent.
(i) G is rigid in (R2, ‖ · ‖2).
(ii) G contains a (2, 3)-tight vertex-complete tower.
(B) If q ∈ (1, 2) ∪ (2,∞) then the following statements are equivalent.
(i) G is rigid in (R2, ‖ · ‖q).
(ii) G contains a (2, 2)-tight vertex-complete tower.
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Proof. (i) ⇒ (ii) If G is rigid then by Theorem 3.18 G is sequentially rigid
and so there exists a vertex-complete tower {Gk : k ∈ N} of rigid subgraphs
in G. We will construct a tower {Hk : k ∈ N} of (2, l)-tight subgraphs of G
satisfying V (Hk) = V (Gk) for each k ∈ N.
Let H1 = G1\E1 be a minimally rigid spanning subgraph of G1 obtained
by removing a set E1 ⊂ E(G1) of edges from G1. It follows on considering
the rigidity matrix for a generic placement of Gk that Gk\E1 is rigid for
each k ∈ N. Letting G′k = Gk\E1 for all k ≥ 2 we obtain a vertex-complete
tower of rigid subgraphs in G,
H1 ⊂ G′2 ⊂ G′3 ⊂ · · ·
where H1 is minimally rigid, V (H1) = V (G1) and V (G
′
k) = V (Gk) for all
k ≥ 2.
Suppose we have constructed a vertex-complete tower of rigid subgraphs
in G,
H1 ⊂ H2 ⊂ · · · ⊂ Hn ⊂ G′n+1 ⊂ G′n+2 ⊂ · · ·
where H1, H2, . . . ,Hn are minimally rigid, V (Hk) = V (Gk) for each k =
1, 2, . . . , n and V (G′k) = V (Gk) for all k ≥ n + 1. Let Hn+1 = Gn+1\En+1
be a minimally rigid spanning subgraph of G′n+1 obtained by removing a
set En+1 ⊂ E(G′n+1) of edges from G′n+1. We can arrange that Hn is a
subgraph of Hn+1. It follows on considering the rigidity matrix for a generic
placement of G′k that G
′
k\En+1 is rigid for each k ≥ n + 1. Replacing G′k
with G′k\En+1 for each k ≥ n+ 2 we obtain a vertex-complete tower in G,
H1 ⊂ H2 ⊂ · · · ⊂ Hn+1 ⊂ G′n+2 ⊂ G′n+3 ⊂ · · ·
consisting of rigid subgraphs withH1, H2, . . . ,Hn+1 minimally rigid, V (Hk) =
V (Gk) for each k = 1, 2, . . . , n+ 1 and V (G
′
k) = V (Gk) for all k ≥ n+ 2.
By induction there exists a vertex-complete tower {Hk : k ∈ N} of min-
imally rigid subgraphs in G. In case (A), Theorem 2.14 implies that each
Hk is (2, 3)-tight and in case (B) Theorem 2.15 implies that each Hk is
(2, 2)-tight.
(ii) ⇒ (i) Let {Gk : k ∈ N} be a (2, l)-tight vertex-complete tower in G.
By Theorems 2.14 and 2.15, each Gk is a rigid graph in (R2, ‖ · ‖q) and so
G is sequentially rigid. By Theorem 3.18, G is rigid. 
With the convention that a Laman graph is a (2, 3)-tight finite simple
graph the above theorem states that a countable simple graph is minimally 2-
rigid if and only if it is the union of an increasing sequence of Laman graphs.
It follows that some or even all of the vertices of a countable minimally 2-
rigid graph may have infinite degree.
Corollary 3.20. Let G be a countable simple graph.
(A) The following statements are equivalent.
(i) G is minimally rigid in (R2, ‖ · ‖2).
(ii) G contains a (2, 3)-tight edge-complete tower.
(B) If q ∈ (1, 2) ∪ (2,∞) then the following statements are equivalent.
(i) G is minimally rigid in (R2, ‖ · ‖q).
(ii) G contains a (2, 2)-tight edge-complete tower.
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Proof. (i)⇒ (ii) If G is minimally rigid in (R2, ‖·‖q) then by Theorem 3.19,
G contains a (2, l)-tight vertex-complete tower {Gk : k ∈ N} and this tower
must be edge-complete.
(ii) ⇒ (i) If G contains a (2, l)-tight edge-complete tower {Gk : k ∈ N}
then by Theorem 3.19, G is rigid. Let vw ∈ E(G) and suppose G\{vw}
is rigid. By Theorem 3.18 G\{vw} is sequentially rigid and so there exists
a vertex-complete tower {Hk : k ∈ N} in G\{vw} consisting of rigid sub-
graphs. Choose a sufficiently large k such that v, w ∈ V (Hk) and choose
a sufficiently large n such that vw ∈ E(Gn) and Hk is a subgraph of Gn.
Then Hk ∪ {vw} is a subgraph of Gn which fails the sparsity count for Gn.
We conclude that G\{vw} is not rigid in (R2, ‖ · ‖q) for all vw ∈ E(G). 
3.4. Remarks. The rigidity of general infinite graphs as bar-joint frame-
works was considered first in Owen and Power [30], [32]. Part (A) of Theo-
rem 3.19 answers a question posed in Section 2.6 of Owen and Power [32].
In their analysis of globally linked pairs of vertices in rigid frameworks
Jackson, Jordan and Szabadka [16] remark that it follows from the char-
acterisation of independent sets for the rigidity matroid for the Euclidean
plane that linked vertices {v1, v2} must lie in the same rigid component.
(See also [15]). This assertion is essentially equivalent to part (a) of our
Theorem 3.4. The terminology here is that a pair of vertices {v1, v2} in a
graph G is linked in (G, p) if there exists an  > 0 such that if q ∈ P (G) is
another placement of G with ‖qv − qw‖2 = ‖pv − pw‖2 for all vw ∈ E(G)
and ‖qv − pv‖2 <  for all v ∈ V (G) then ‖qv1 − qv2‖2 = ‖pv1 − pv2‖2. It
can be shown that this is a generic property and that a subgraph H ⊆ G is
relatively rigid in G if and only if for a generic placement (G, p) each pair
of vertices in H is linked in (G, p).
The elementary but key Lemma 3.6 is reminiscent of the compactness
principle for locally finite structures to the effect that certain properties
prevailing for all finite substructures hold also for the infinite structure. For
example the k-colourability of a graph is one such property. See Nash-
Williams [26].
One can also take a matroidal view for infinitesimally rigid frameworks
and define the infinite matroid R2 (resp R2,q) on the set S of edges of the
countable complete graph K∞. The independent sets in this matroid are the
subsets of edges of a sequential Laman graph (resp. sequentially (2, 2)-tight
graph). Such matroids are finitary (see Oxley [33] and Bruhn et al [6]) and
so closely related to their finite matroid counterparts.
4. Inductive constructions of countable graphs
In this section we establish the existence of Henneberg-type construction
chains for the countable graphs that are minimally rigid in (R2, ‖ · ‖q) for
1 < q < ∞. We also use inductive methods for countably infinite graphs
associated with certain infinitely faceted polytopes in R3 and obtain a coun-
terpart of the generic Cauchy theorem. We revisit these frameworks in
Section 6.5 in connection with more analytic forms of rigidity.
4.1. Existence of construction chains for countable rigid graphs.
Given two finite simple graphs H and G we will use the notation H
µ−→ G
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to indicate thatG is the result of a graph move µ applied toH. The following
two graph moves are designed to preserve the sparsity count d|V (G)|−|E(G)|
appropriate for bar-joint frameworks (G, p) in Rd.
Definition 4.1. Let G be a simple graph.
(1) A graph G′ is said to be obtained from G by applying a Henneberg
vertex extension move of degree d if it results from adjoining a vertex
v to V (G) and d edges v1v, . . . , vdv to E(G).
(2) A graph G′ is said to be obtained from G by applying a Henneberg
edge move of degree d if it results from removing an edge v1v2 from
E(G) and applying a Henneberg vertex extension move of degree
d+ 1 to G\{v1v2} where the d+ 1 new edges include v1v and v2v.
An inverse Henneberg vertex extension move can be applied whenever G
contains a vertex v of degree d by simply removing v and all edges incident
with v. To obtain conditions under which an inverse Henneberg edge move
can be applied we require the following lemma.
Lemma 4.2. Let G be a (k, l)-sparse simple graph and let v ∈ V (G) such
that deg(v) ≥ k+1 and vv1, vv2, . . . , vvk+1 ∈ E(G). Suppose that one of the
following conditions holds.
(a) k = 2 and l = 3, or,
(b) k = l and vivj /∈ E(G) for some distinct pair vi, vj ∈ {v1, v2, . . . , vk+1}.
Then there exists vi, vj ∈ {v1, v2, . . . , vk+1} with vivj /∈ E(G) such that no
(k, l)-tight subgraph of G\{v} contains both vi and vj.
Proof. In case (a), since deg(v) ≥ 3 there must exist a pair vi, vj ∈ {v1, v2, v3}
with vivj /∈ E(G) since otherwise the subgraph of G induced by the vertices
{v, v1, v2, v3} would contradict the (2, 3)-sparsity count for G. Suppose that
every pair of distinct vertices vi, vj ∈ {v1, v2, v3} with vivj /∈ E(G) is con-
tained in a (k, l)-tight subgraph Hi,j of G\{v}. Let H be the union of the
subgraphs Hi,j together with the vertex v, the edges vv1, vv2, vv3 and the
edge vivj whenever vivj ∈ E(G). By Proposition 2.18 H is a subgraph of G
which contradicts the (2, 3)-sparsity count.
Similarly in case (b), suppose that every pair vi, vj ∈ {v1, v2, . . . , vk+1}
with vivj /∈ E(G) is contained in a (k, k)-tight subgraph Hi,j of G\{v}. Let
H be the union of the subgraphs Hi,j together with the vertex v, the edges
vv1, vv2, . . . , vvk+1 and the edge vivj whenever vivj ∈ E(G). By Proposition
2.18 H is a subgraph of G which contradicts the (k, k)-sparsity count.
Proposition 4.3. Let G be a (k, l)-sparse simple graph and let v ∈ V (G)
such that deg(v) = k + 1 and vv1, vv2, . . . , vvk+1 ∈ E(G). Suppose that one
of the following conditions holds.
(a) k = 2 and l = 3, or,
(b) k = l and vivj /∈ E(G) for some distinct pair vi, vj ∈ {v1, v2, . . . , vk+1}.
Then there exists a Henneberg edge move µ : H → G of degree k where H
is a (k, l)-sparse graph obtained by removing the vertex v and adjoining an
edge of the form vivj.
Moreover, if G is (k, l)-tight then H is also (k, l)-tight.
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Proof. By Lemma 4.2 there exists vi, vj ∈∈ {v1, v2, . . . , vk+1} with vivj /∈
E(G) such that no (k, l)-tight subgraph of G contains both vi and vj . Let
H be the graph with vertex set V (H) = V (G)\{v} and edge set E(H) =
(E(G)\{vv1, . . . , vvk+1}) ∪ {vivj}. Then
|E(H)| = |E(G)|−k ≤ k|V (G)|− l−k = k(|V (H)|+1)− l−k = k|V (H)|− l
If H ′ is a subgraph of H and vivj /∈ E(H ′) then H ′ is a subgraph of G and so
the (k, l)-sparsity count holds. If vivj ∈ E(H ′) then H ′\{vivj} is a subgraph
of G which contains the vertices vi and vj and so H
′\{vivj} is (k, l)-sparse
but not (k, l)-tight. Hence
|E(H ′)| = |E(H ′\{vivj})|+ 1 ≤ (k|V (H ′\{vivj})|− l−1) + 1 = k|V (H ′)|− l
Thus H is (k, l)-sparse and there exists a Henneberg edge move µ : H → G
of degree k. The final statement is clear. 
Definition 4.4. A Henneberg construction chain is a finite or countable
sequence of graphs G1, G2, G3, . . . together with graph moves,
G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
such that each µk is either a Henneberg vertex addition move of degree 2 or
a Henneberg edge move of degree 2.
If G is a (2, 3)-tight simple graph then there exists a Henneberg construc-
tion chain of finite length from K2 to G (see [13], [14]),
K2 = G1
µ1−→ G2 µ2−→ · · · µn−1−→ Gn = G
We prove below that such a construction chain exists between any nested
pair of (2, 3)-tight graphs.
Lemma 4.5. Let G be a (k, l)-sparse graph with k, l ≥ 1.
(i) deg(v) ≤ 2k − 1 for some v ∈ V (G).
(ii) If G is (k, l)-tight then min{deg(v) : v ∈ V (G)} ∈ [k, 2k − 1].
(iii) If G is (k, l)-tight and H is a subgraph of G which is not a spanning
subgraph then there exists a vertex v ∈ V (G)\V (H) such that deg(v) ∈
[k, 2k − 1].
Proof. (i) If deg(v) ≥ 2k for all v ∈ V (G) then
|E(G)| = 1
2
∑
v∈V (G)
deg(v) ≥ k|V (G)| > k|V (G)| − l
and this contradicts the sparsity count for G.
(ii) Suppose deg(v) < k for some v ∈ V (G) and let H be the vertex-
induced subgraph of G obtained from V (G)\{v}. Then
|E(H)| = |E(G)| − deg(v) = k(|V (H)|+ 1)− l − deg(v) > k|V (H)| − l
This contradicts the sparsity count for the subgraph H and so deg(v) ≥ k
for all v ∈ V (G). The result now follows from (i).
(iii) The vertex-induced subgraph of G determined by the vertices in
V (G)\V (H) is (k, l)-sparse and so it follows from (i) that there exists v ∈
V (G)\V (H) with deg(v) ≤ 2k − 1. The result now follows from (ii). 
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Proposition 4.6. Let G ⊆ G′ be an inclusion of (2, 3)-tight graphs. Then
there exists a Henneberg construction chain from G to G′,
G = G1
µ1−→ G2 µ2−→ · · · µn−1−→ Gn = G′
Proof. Suppose there is no Henneberg construction chain from G to G′. Let
S(G′) be the set of all pairs (H1, H2) of (2, 3)-tight subgraphs of KV (G′)
such that H1 is a proper subgraph of H2. Then S(G′) can be endowed
with a partial order by the rule (H1, H2) ≤ (H˜1, H˜2) if and only if either
|V (H1)| < |V (H˜1)|, or, |V (H1)| = |V (H˜1)| and |V (H2)| ≤ |V (H˜2)|. Let
S˜(G′) ⊂ S(G′) be the subset of all pairs (H1, H2) with the property that
there does not exist a Henneburg construction chain from H1 to H2. Then
S˜(G′) 6= ∅ and so there exists a minimal element (H1, H2) ∈ S˜(G′). By
Lemma 4.5 there exists v ∈ V (H2)\V (H1) such that v has degree 2 or
degree 3 in H2.
Suppose deg(v) = 2 with vv1, vv2 ∈ E(H2). Let H˜2 be the vertex-induced
subgraph of H2 with V (H˜2) = V (H2)\{v}. Then H1 is a subgraph of H˜2 and
H˜2 is (2, 3)-tight. Thus (H1, H˜2) ∈ S(G′) and (H1, H˜2) < (H1, H2). By the
minimality of (H1, H2) in S˜(G′) there must exist a Henneberg construction
chain of finite length from H1 to H˜2,
H1 = H1,1
µ1−→ H1,2 µ2−→ · · · µn−1−→ H1,n = H˜2
Applying a Henneburg vertex extension move of degree 2 to H˜2 based on
the vertices v1 and v2 we obtain H2. This is a contradiction as there does
not exist a Henneberg construction chain from H1 to H2.
Suppose deg(v) = 3 with vv1, vv2, vv3 ∈ E(H2). By Proposition 4.3 there
exists a (2, 3)-tight graph H˜2 obtained by removing the vertex v from H2
and adjoining an edge of the form vivj together with a Henneberg edge
move µ : H˜2 → H2 of degree 2. Now H1 is a subgraph of H˜2 and so
(H1, H˜2) ∈ S(G′) with (H1, H˜2) < (H1, H2). By the minimality of (H1, H2)
in S˜(G′) there must exist a Henneberg construction chain from H1 to H˜2,
H1 = H1,1
µ1−→ H1,2 µ2−→ · · · µn−1−→ H1,n = H˜2
Applying a Henneburg edge move of degree 2 to H˜2 based on the vertices
v1, v2, v3 and the edge vivj we obtain H2. This is again a contradiction and
so we conclude that there must exist a Henneburg construction chain from
G to G′. 
To establish the existence of construction chains in the class of (2, 2)-tight
graphs we require the following two additional graph moves.
Definition 4.7. Let G be a simple graph.
(1) A graph G′ is obtained from G by a vertex-to-K4 move if a vertex
w0 is chosen in G and three vertices w1, w2, w3 are adjoined to V (G)
together with all interconnecting edges wiwj and every edge of the
form vw0 ∈ E(G) is either left unchanged or is replaced with an edge
of the form vwj for some j ∈ {1, 2, 3}.
(2) A graph G′ is obtained from G by a vertex to 4-cycle move if a vertex
v of degree 2 is chosen in G with vv1, vv2 ∈ E(G) and a vertex v0 is
adjoined to V (G) together with the edges v0v1, v0v2 such that every
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edge of the form vw ∈ E(G) is either left unchanged or is replaced
with the edge v0w.
We prove below an analogue of Proposition 4.6 for the class of (2, 2)-tight
graphs. The method of proof is similar although more involved due to the
additional graph moves required to construct (2, 2)-tight graphs.
Definition 4.8. A non-Euclidean Henneberg construction chain is a finite
or countable sequence of graphs G1, G2, G3, . . . together with graph moves,
G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
such that each µk is either a Henneberg vertex addition move of degree 2, a
Henneberg edge move of degree 2, a vertex-to-K4 move or a vertex to 4-cycle
move.
If G is a (2, 2)-tight simple graph then there exists a non-Euclidean Hen-
neberg construction chain from K1 to G (see [29]),
K1 = G1
µ1−→ G2 µ2−→ · · · µn−1−→ Gn = G
More generally, we have the following proposition.
Proposition 4.9. Let G ⊆ G′ be an inclusion of (2, 2)-tight graphs. Then
there exists a non-Euclidean Henneberg construction chain from G to G′,
G = G1
µ1−→ G2 µ2−→ · · · µn−1−→ Gn = G′
Proof. Suppose there does not exist a non-Euclidean Henneberg construc-
tion chain from G to G′. Let S(G′) be the set of all pairs (H1, H2) of
(2, 2)-tight subgraphs of KV (G′) such that H1 is a proper subgraph of H2.
Let S˜(G′) ⊂ S(G′) be the subset of all pairs (H1, H2) with the property that
there does not exist a non-Euclidean Henneburg construction chain from H1
to H2. Choose a minimal pair (H1, H2) ∈ S˜(G′), as in the proof of Propo-
sition 4.6. By Lemma 4.5 there exists v0 ∈ V (H2)\V (H1) such that v0 has
degree 2 or degree 3 in H2.
If deg(v0) = 2 then we can apply an inverse Henneberg vertex addition
move as in Proposition 4.6 to obtain a contradiction.
Suppose deg(v0) = 3 with v0v1, v0v2, v0v3 ∈ E(H2). If vivj /∈ E(H2)
for some distinct pair vi, vj ∈ {v1, v2, v3} then we can apply an inverse
Henneberg edge move as in Proposition 4.6 to obtain a contradiction.
If the complete graph K on the vertices {v0, v1, v2, v3} is a subgraph of H2
then every vertex v ∈ V (H2)\V (H1) is incident with at most two vertices
in {v1, v2, v3}. Otherwise, the vertex-induced subgraph on {v, v0, v1, v2, v3}
would contradict the sparsity count for H2.
We consider two possible cases. Firstly, the case when there does not exist
a vertex in V (H2)\V (H1) which is incident with two vertices in {v1, v2, v3}.
And secondly, the case when there does exist a vertex in V (H2)\V (H1)
which is incident with two vertices in {v1, v2, v3}.
In the first case, if K ∩ H1 = ∅ then let H˜2 be the (2, 2)-tight graph
obtained fromH2 by contracting the complete graph on {v0, v1, v2, v3} to any
one of the vertices v0, v1, v2, v3. If K∩H1 6= ∅ then, by Lemma 2.16, K∩H1 is
(2, 2)-tight and hence must consist of a single vertex vi ∈ {v1, v2, v3}. Let H˜2
be the (2, 2)-tight graph obtained fromH2 by contracting the complete graph
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on {v0, v1, v2, v3} to vi. Then (H1, H˜2) ∈ S(G′) and (H1, H˜2) < (H1, H2).
By the minimality of (H1, H2) in S˜(G′) there must exist a non-Euclidean
Henneberg construction chain from H1 to H˜2,
H1 = H1,1
µ1−→ H1,2 µ2−→ · · · µn−1−→ H1,n = H˜2
Applying a vertex-to-K4 move to H˜2 we obtain H2. This is a contradiction
as there does not exist a non-Euclidean Henneberg construction chain from
H1 to H2.
In the second case, suppose w0 ∈ V (H2)\V (H1) and w0 is incident with
the vertices vi, vj ∈ {v1, v2, v3}. Let H˜2 be the graph obtained from H2 by
contracting w0 to v0. Thus the edges w0vi and w0vj are removed, every
remaining edge of the form w0v is replaced with v0v and the vertex w0 is
removed. Since w0 /∈ V (H1), H1 is a subgraph of H˜2. We have (H1, H˜2) ∈
S(G′) and (H1, H˜2) < (H1, H2). By the minimality of (H1, H2) in S˜(G′)
there must exist a non-Euclidean Henneberg construction chain from H1 to
H˜2,
H1 = H1,1
µ1−→ H1,2 µ2−→ · · · µn−1−→ H1,n = H˜2
Now H2 is obtained by applying a vertex to 4-cycle move to H˜2 which is
based on the edges v0vi and v0vj . This is a contradiction as there does not
exist a non-Euclidean Henneberg construction chain from H1 to H2.
We conclude that there must exist a non-Euclidean Henneberg construc-
tion chain from G to G′. 
We now prove that every minimally rigid graph in (R2, ‖ ·‖q) arises as the
graph limit determined by a countable construction chain.
Definition 4.10. Let {Gk : k ∈ N} be a sequence of finite simple graphs
such that V (Gk) ⊆ V (Gk+1) for all k ∈ N. The countable graph limit lim−→ Gk
is the countable graph with vertex set
V (lim−→ Gk) =
⋃
k∈N
V (Gk)
and edge set
E(lim−→ Gk) = {vw : ∃n ∈ N | vw ∈ E(Gk), ∀ k ≥ n}
The edge set of a countable graph limit consists of edges which are con-
tained in some Gk and are not subject to removal further along the chain.
It may be that every edge in every finite graph in the sequence is subject to
later removal, in which case the limit graph will have no edges.
The graph moves that we have considered have the property that each
move G
µ−→ G′ is associated with a vertex set inclusion V (G) ⊂ V (G′). In
particular, a countable Henneberg construction chain or a countable non-
Euclidean Henneberg construction chain
G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
has an associated graph limit lim−→ Gk.
Theorem 4.11. Let G be a countable simple graph which is minimally rigid
in (R2, ‖ · ‖q) where q ∈ (1,∞).
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(A) If q = 2 then there exists a countable Henneberg construction chain
K2 = G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
such that G = lim−→ Gk.
(B) If q 6= 2 then there exists a countable non-Euclidean Henneberg con-
struction chain
K1 = G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
such that G = lim−→ Gk.
Proof. (A) If G is minimally rigid in (R2, ‖ · ‖2) then by Corollary 3.20(A)
there exists an edge-complete tower {Gk : k ∈ N} in G such that each Gk is
(2, 3)-tight. By Proposition 4.6 there exists a Henneberg construction chain
of finite length,
Gk = Hk,1
µk,1−→ Hk,2
µk,2−→ · · · µk,nk−1−→ Hk,nk = Gk+1
for each k ∈ N. We can concatenate these construction chains to obtain a
countable Henneberg construction chain
K2 = G˜1
µ˜1−→ G˜2 µ˜2−→ G˜3 µ˜3−→ · · ·
which satisfies G = lim−→ G˜k.
For the proof of (B) apply a similar argument using Corollary 3.20(B)
and Proposition 4.9. 
4.2. Simplicial graphs and Cauchy’s rigidity theorem. First we show
how one may compute the flexibility dimension dim3,q(G) of the edge graph
of any polytope. The following terminology will be convenient.
Definition 4.12. A finite simple graph is said to be simplicial with topolog-
ical connectivity κ if it has at least three edges and has a planar embedding
in which exactly κ faces are not triangular. Furthermore these faces have
no edges in common.
If κ = 0 then such a graph is the edge graph of a convex bounded poly-
hedron with triangular faces. Such polyhedra are the simplicial polytopes
in R3.
The following vertex splitting construction move preserves the class of
(3, 6)-tight graphs and the class of (3, 3)-tight graphs, and will be particu-
larly useful in connection with the rigidity and flexibility of placements in
three dimensional normed spaces. Note that a Henneberg vertex addition
move which adds a degree 3 vertex to the face of a planar graph is in fact a
vertex splitting move.
Definition 4.13. Let G and G′ be finite simple graphs. Then G′ is said to
be obtained from G by applying a vertex splitting move for three dimensions
if it results from
(i) adding a vertex v0 to V (G),
(ii) adding an edge v0v1 for a vertex v1 in V (G) which has at least two
incident edges v1v2 and v1v3,
(iii) adding the edges v0v2, v0v3,
(iv) replacing any number of the edges wv1, w 6= v2, v3 by edges wv0.
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The preservation of 3-rigidity under the Henneberg vertex addition move
on vertices v1, v2, v3 ∈ V (G) is clear, since for any generic placement (G′, p′)
with pv, pv1 , pv2 , pv3 in general position we have
rankRq(G
′, p′) = rankRq(G, p′) + 3
The proof for the Henneberg edge move in three dimensions is also straight-
forward, being a variation of the proof of [20, Lemma 3.4]. The preservation
of 3-rigidity under the vertex splitting move is well-known for q = 2. See
Whiteley [45, Theorem 1.4.6]. This argument also has a straightforward
q-norm variant.
Theorem 4.14. Let G = (V (G), E(G)) be a finite simplicial graph of
connectivity κ whose non-triangular faces are bordered by cycles of length
γ1, . . . , γκ. Then
(i)
dim3,2(G) = γ1 + · · ·+ γκ − 3κ
(ii) For |V (G)| ≥ 6 and 1 < q <∞, q 6= 2,
dim3,q(G) = dim3,2(G) + 3
Proof. Consider first the case κ = 0. Observe that any simplicial graph G of
connectivity 0 can be constructed from K3 by vertex splitting moves. To see
this note that the inverse of a vertex splitting move is an edge contraction
move. Also, if G is not equal to K3 then there are adjacent triangles, sharing
an edge, and edge contraction of this edge results in a simplicial graph of
connectivity 0 which is an antecedent of G for vertex splitting. In view of
this constructibility of G and the fact that K3 is 3-rigid it follows that G is
3-rigid and dim3,2(G) = 0.
0
1
2 3 2 3
1
Figure 4. Edge contraction.
Since |E| = 3|V | − 6 the graph G is minimally 3-rigid and in particular is
3-independent. The formula for dim3,2(G) in the case κ > 0 now follows
since in this case we may add κ vertices and γ1 + · · · + γκ − 3κ edges to
G to create a 3-independent simplicial graph of connectivity 0. For q 6= 2
note first that the (3, 3)-tight graph K6 may be viewed as the graph of the
regular octahedron together with three added internal edges (or ”shafts”).
An argument paralleling that above shows that any simplicial graph G of
connectivity 0 to which three nonincident internal edges have been added,
gives a graph G+ which can be constructed from K6 by vertex splitting
moves (which carry the shaft edges). Since K6 is minimally rigid it follows
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that G+ is minimally rigid and the proof is completed as for the case q = 2.
To see this form of constructibility suppose that G+ is not so constructed
and that |V (G+)| is minimal amongst such graphs. We show that G+ = K6.
If this is not the case then there are more than 6 vertices and thus a vertex
v in V (G) = V (G+) with the same degree in G and G+. But then there
is a vertex splitting move G− → G for which the antecedent is simplicial
of connectivity 0, with an implied (shaft carrying) vertex splitting move
G+− → G+. This is a contradiction since G+− cannot be constructible and
yet it has fewer vertices than G+. Since K6 is minimally rigid for the non-
Euclidean norms the proof is completed as before. 
The case κ = 0 is the generic Cauchy rigidity theorem. For the non-
Euclidean norms we have the following counterpart. Borrowing terminology
from Whitelely [42] we shall refer to an internal bar that is added to a
polytope framework as a shaft.
Corollary 4.15. A generic simplicial polytope framework with three non-
incident shafts is isostatic in (R3, ‖ · ‖q) for 1 < q <∞, q 6= 2.
We see that as a corollary of infinitesimal rigidity preservation the ver-
tex splitting move applied to a simplicial graph of connectivity κ preserves
independence, and preserves the joint cycle index (γ1, . . . , γκ).
4.3. Countable simplicial graphs. We now consider the countable graphs
that can be obtained from finite simplicial graphs of connectivity type κ by
certain directed construction chains. Viewing such graphs as inscribed on
the surface of a sphere this ”directedness” corresponds, roughly speaking,
to the κ nontriangular faces (the topological ”holes”) converging towards a
set F on the sphere consisting of κ points.
These graphs can be thought of as simplicial triangulations of a finitely
punctured sphere, S2\F , and we give the following direct definition in these
terms, as a class of infinite planar graphs. The class is somewhat larger than
that already alluded to above since it also allows for the infinite internal
refinement of a finite number of triangular faces of the initial graph G1.
Recall that a countable graph has a planar embedding or planar realisa-
tion, or is a planar graph, if it may be realised by a set of distinct points in
the plane and a family of non-crossing continuous paths. Let S2 be the one
point compactification of the plane.
Definition 4.16. Let G be a countable graph and ρ a positive integer. Then
G is said to be a simplicial graph of refinement type ρ if there is a planar
realisation of G which is a triangulation of S2\F , where |F | = ρ, and
(i) the vertices of G have finite incidence,
(ii) the set F is the set of accumulation points of the vertex points,
(iii) S2\F is the union of the triangular faces of the realisation of G.
Definition 4.17. A simplicial graph of refinement type ρ ≥ 1 has connec-
tivity 0 ≤ κ ≤ ρ if in its representation in S2\F there are κ points p of F
with the following property: there is a neighbourhood of p which contains
no 3-cycles of represented edges around p.
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It follows that the simplicial graphs of finite refinement type and connec-
tivity κ have edge-complete construction chains
G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
In this chain successive graphs are obtained by partially paving in the κ
nontriangular faces and ρ − κ triangular faces. In particular a simplicial
graph with (ρ, κ) = (1, 0) is obtained by joining a sequence of simplicial
polyhedral graphs over common faces so that each polyhedron (except the
first) has two neighbours. Similarly, the simplicial graphs with (ρ, κ) = (1, 1)
are obtained by joining together a sequence of simplicial tubes (except for
the first) over identified end cycles.
Theorem 4.18. Let G be a countable simplicial graph of refinement type ρ
and connectivity κ. Then the following conditions are equivalent.
(i) G is 3-rigid.
(ii) G is sequentially 3-rigid.
(iii) κ = 0.
Furthermore, in this case G = lim−→ Gk where
K4 = G1
µ1−→ G2 µ2−→ G3 µ3−→ · · ·
is a construction chain of convex simplicial polyhedral graphs and the con-
struction moves are vertex splitting moves.
Proof. Condition (iii) implies that there is an edge-complete inclusion chain
of finite graphs each of which is the edge graph of a simplicial polytope. Thus
(ii) holds, by the generic Cauchy Theorem 2.11, and (i) follows.
To see that (i) implies (iii) we make use of the following theorem of
Whiteley [42]: Let G be a 4-connected simplicial polytope graph. Then any
graph formed by the removal of an edge v1v2 and the addition of an edge
vivj with i, j 6= 1, 2 to create a subgraph isomorphic to K4 is 3-rigid. This
may also be proven using a similar argument to that of the proof of Theorem
4.14 and the fact that small graphs of this type are 3-rigid.
Suppose then that (iii) does not hold and consider first the case 0 < κ =
ρ = 1. Thus there is an edge-complete inclusion chain G1 ⊆ G2 ⊆ . . . of
graphs for polytopes each of which has one nontriangular face which is a
γ-cycle, with γ ≥ 4. Let (G, p) be a generic placement. For every k > 1
the restriction map F(Gk, p) → F(G1, p) is nonzero. Indeed consider a
nonzero infinitesimal flex of the augmentated framework (G+k , p) of (Gk, p)
obtained by adding γ−4 edges across the nonsimplicial face. By the generic
Cauchy theorem such a flex exists and by Whiteley’s theorem its restriction
to (G1, p) is nonzero and nontrivial. It follows from the finite-dimensionality
of the flex space of (G1, p) that there is an infinitesimal flex of (G1, p) that
is an enduring flex for the tower. Thus there exists a nontrivial infinitesimal
flex of (G, p).
The general case follows from the same argument after taking an augmen-
tation by edges to create a simplicial polytope with one edge missing. 
We note below some examples of simplicial graphs of finite refinement
type. In Section 6.5 we shall see that there exists continuously rigid strictly
convex placements for all of these graphs.
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As we have seen, for 1 < q < ∞, q 6= 2, a convex simplicial polytope
in three dimensions needs the addition of three internal shafts to become
a rigid graph for (R3, ‖ · ‖q). The argument above adjusts readily to show
that the same is true for the simplicial graphs of finite refinement type with
κ = 0.
4.4. Infinitely-faceted polytopes. Let G = (V (G), E(G)) be a countable
simplicial graph of finite refinement type ρ ≥ 1. In particular G has a
planar representation with ρ points of accumulation for the vertex points.
It follows that G admits natural bounded placements p : V (G) → R3 with
ρ points of accumulation. Formally we define a continuous placement of
G to be a placement for which the mapping v 7→ pv is continuous for the
relative topology on V (G) coming from the one-point compactification of the
plane. We now define strictly convex and semi-convex continuous placements
of simplicial graphs of finite refinement type as well as infinitely-faceted
generalisations of finite simplicial polytopes.
Recall that a d-dimensional finite polytope in R3 is a compact subset P
which is the convex hull of a non-coplanar finite set. In particular polytopes
are assumed to be convex, with nonzero volume, and have well-defined closed
subsets called faces, edges and vertices. A finite polytope is simplicial if its
faces are triangles.
In the next definition we refer to the faces of a countable simplicial graph
of finite refinement type. These are defined as the particular 3-cycles of
vertices corresponding to the faces of any planar representation.
Definition 4.19. Let G be a countable simplicial graph of refinement type
ρ ≥ 1 and let p : V (G) → R3 be a placement. Then (G, p) is a strictly
convex simplicial polytope framework if the following two conditions hold.
(i) p : V (G)→ R3 is a continuous placement.
(ii) For every face {a, b, c} one of the open half-spaces for the plane through
{pa, pb, pc} contains the set {pv : v 6= a, b, c}.
Furthermore, the body P(G, p) of (G, p) is defined to be the closed convex
hull of the set {pv : v ∈ V }.
A generalised polytope P, with infinitely many faces, could be defined as
a strictly convex body with infinitely many polygonal faces whose union and
closure form the topological boundary. The following subclass is a natural
one from a rigidity perspective.
Definition 4.20. A simplicial polytope of refinement type ρ ≥ 1 is the body
of a strictly convex continuous placement of a simplicial graph of refinement
type ρ ≥ 1.
Note that the topological boundary of the body P(G, p) is the union of
the ρ accumulation points and the closed convex sets determined by the
placement of the faces of G.
One can similarly define a convex simplicial polytope framework in terms
of closed half spaces, rather than open half-spaces. However, this class is not
quite appropriate for us since there may be a proliferation of infinitesimal
flexes arising from vertices whose incident edges lie in a common plane.
There is nevertheless an appropriate intermediate class which we refer to as
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semi-convex. This requires the convexity of the placement together with the
property that if pv lies in a convex hull of a finite number of vertices then
it lies in the convex hull of two of them. The body of such a framework
may be a classical simplicial polytope with countably many “extra” vertices
distributed on the edges of the polytope. The semi-convex placements of
finite simplicial polytopes are known to be infinitesimally rigid, so this is a
natural class.
Example 4.21. Infinite frameworks from finite polytopes. Figure
5 indicates a bar-joint framework D3 = (G, p) in 3-dimensional Euclidean
space which is the placement of a simplicial graph G with (ρ(G), κ(G)) =
(1, 0). The vertex placements occur on three edges of a triangle based pyra-
mid and have a single point of accumulation. The simplicial graph is mini-
mally 3-rigid and sequentially rigid. That the semi-convex placement (G, p)
itself is sequentially infinitesimally rigid follows from the rigidity of finite
semi-convex simplicial polytope frameworks (see [1]).
One can define similar simplicial graphs and semiconvex placements by
a similar triangular refinement on any a finite polytope, with accumulation
points at κ vertices of the polytope. Consider, for example, the graphs that
arise from the double cones over regular n-gons, for n = 4, 5, . . . , by infinite
triangulation towards one of the high degree vertices. This is illustrated
in Figure 6 for n = 4. Here we take the north and south pole vertices to
be located at p1 = (0, 0, 1) and p2 = (0, 0,−1), and the equatorial vertices
p3, . . . , pn+2 to be located symmetrically on the unit circle about the origin
in the plane z = 0. The points on the kth latitude occupy the positions
(1− tk)p1 + tkpj where 3 ≤ j ≤ n+2 and where (tk) is a decreasing sequence
tending to zero.
Example 4.22. Diamond polytopes. Figure 7 indicates a bar-joint
framework which is associated with a strictly convex compact polytope Pdia,
in the sense given above. (Its appearance has a passing resemblance to a
cut diamond). The polytope vertices p1, p2, . . . lie on the unit sphere and
Pdia is the convex hull of these points together with the north polar point.
The associated bar-joint framework (G, p) is determined by the edges of
Pdia and the underlying structure graph has refinement-connectivity type
(ρ(G), κ(G)) = (1, 1). Once again, different placements of G are possible
for different choices of a sequence (tk), where tk is decreasing and tends to
zero, representing the positioning of the latitudes below the north pole. In
this example the number of vertices of G for successive latitudes doubles on
passing to the next highest latitude and it follows that dimfl(G) is infinite.
For further examples of interest one can vary this multiplicity of increase and
the spherical surface can be replaced by other convex rotationally symmetric
surface.
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Figure 5. Tetrahedral placement D3 = (G, p) of a simplicial
graph G with (κ(G), ρ(G)) = (0, 1).
Figure 6. A semi-convex placement D4 = (G, p) whose
polytope body P(G, p) is an octahedron.
Figure 7. A diamond polytope.
4.5. Remarks. It seems possible that Proposition 4.6, asserting that the
sequential construction of a Laman graph is possible from any Laman sub-
graph, is a known fact but we are unaware of a reference. However our proof
provides a model for the (2, 2)-tight counterpart given in Proposition 4.9.
In Nixon, Owen and Power [28] (see also [29]) the constructive charac-
terisation of finite (2, 2)-tight graphs was obtained in order to characterise
the generically rigid finite graphs with respect to placements on a circular
cylinder in R3. In this setting the placements are viewed as movably at-
tached to the cylinder so that the admissible flexes (and velocity fields, in
the sense of Section 6) are tangential to the cylinder. It follows from the
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arguments above that the countable simple graphs that are minimally rigid
for the cylinder in this sense are the sequential (2, 2)-tight graphs.
A recent survey of inductive methods for bar-joint frameworks is given in
Nixon and Ross [27].
5. Rigidity of multi-body graphs
Tay’s theorem [39] provides a combinatorial characterisation of the finite
multi-graphs without reflexive edges which have infinitesimally rigid generic
realisations as body-bar frameworks in Euclidean space. In this section our
main goals are to extend Tay’s characterisation to countable multi-graphs
and to obtain analogues of both characterisations for the non-Euclidean q-
norms for all dimensions d ≥ 2.
5.1. Tay’s theorem and non-Euclidean rigidity. We now consider bar-
joint frameworks in (Rd, ‖ · ‖q), where q ∈ (1,∞), which arise from the
following class of simple graphs.
Definition 5.1. A multi-body graph for (Rd, ‖ · ‖q) is a finite or countable
simple graph G for which there exists a vertex partition
V (G) =
⋃
k
Vk
consisting of a finite or countable collection of subsets Vk such that for each
k,
(1) the vertex-induced subgraph determined by Vk is a rigid graph in
(Rd, ‖ · ‖q), and,
(2) every vertex v ∈ Vk is adjacent to at most one vertex in V (G)\Vk.
The rigid vertex-induced subgraph determined by Vk is denoted Bk and
is called a body of G. An edge vw ∈ E(G) which is incident with vertices
from two distinct bodies Bi and Bj is called an inter-body edge. Thus a
multi-body graph is composed of pairwise vertex-disjoint bodies together
with inter-body edges such that no pair of inter-body edges of G share a
vertex.
Each multi-body graph G has an associated finite or countable body-bar
graph Gb = (V (Gb), E(Gb)) which is the multi-graph with vertex set labelled
by the bodies of G and with edge set derived from the inter-body edges of
G.
Tay’s theorem may be restated as follows.
Theorem 5.2 (Tay, 1984). Let G be a finite multi-body graph for (Rd, ‖ ·
‖2) and suppose that G contains at least two bodies. Then the following
statements are equivalent.
(i) G is rigid in Euclidean space (Rd, ‖ · ‖2).
(ii) Gb contains a
(
d(d+1)
2 ,
d(d+1)
2
)
-tight spanning subgraph.
The following lemma shows that the bodies B1, B2, . . . of a multi-body
graph G may be modeled in a number of different ways without altering the
rigidity properties of G.
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Lemma 5.3. Let G and G′ be two finite multi-body graphs for (Rd, ‖·‖q) with
isomorphic body-bar graphs and q ∈ (1,∞). Then dimd,q(G) = dimd,q(G′).
Proof. Choose a multi-body graph H with body-bar graph Hb isomorphic to
Gb and G
′
b such that each body of H is a complete graph with more vertices
than the corresponding bodies of G and G′. Then there exist natural graph
homomorphisms φ : G → H and φ′ : G′ → H. If pH : V (H) → Rd is a
generic placement of H then p : V (G) → Rd defined by pv = (pH)φ(v) is a
generic placement of G. Now the linear mapping A : Fq(H, pH)→ Fq(G, p),
A(u)v = uφ(v) is an isomorphism. Applying the same argument to G
′ we
obtain a generic placement p : V (G′) → Rd and a linear isomorphism A′ :
Fq(H, pH)→ Fq(G′, p′). The result follows. 
Example 5.4. The complete graph Kd+1 is (d,
d(d+1)
2 )-tight and is mini-
mally rigid for (Rd, ‖ · ‖2). The complete graph K2d is (d, d)-tight and is a
minimally rigid graph for (Rd, ‖ ·‖q) for each of the non-Euclidean `q-norms.
These sparsity and rigidity properties persist for graphs obtained from these
complete graphs by a finite sequence of Henneberg vertex extension moves
of degree d. Thus we may assume without loss of generality that the bod-
ies of a finite multi-body graph for (Rd, ‖ · ‖q) are (d, d(d+1)2 )-tight in the
Euclidean case and (d, d)-tight in the non-Euclidean case. The convenience
of modeling multi-body graphs in this way is that the combinatorial and
`q-norm analysis of earlier sections is ready-to-hand.
There is a natural vertex-induced surjective graph homomorphism pi :
G → G¯b where G¯b is the multi-graph obtained by contracting the bodies
of G. The body-bar graph Gb is a subgraph of G¯b obtained by removing
reflexive edges and pi gives a bijection between the inter-body edges of G
and the edges of Gb.
Theorem 5.5. Let G be a finite multi-body graph for (Rd, ‖ · ‖q) where
q ∈ (1, 2) ∪ (2,∞). Then the following statements are equivalent.
(i) G is rigid in (Rd, ‖ · ‖q).
(ii) Gb has a (d, d)-tight spanning subgraph.
Proof. (i) ⇒ (ii) We can assume without loss of generality that each body
of G is (d, d)-tight. Suppose that G is minimally rigid in (Rd, ‖ · ‖q) with
bodies B1, B2, . . . , Bn. If Gb is the body-bar graph for G then |V (Gb)| = n
and we have
|E(Gb)| = |E(G)| −
n∑
i=1
|E(Bi)|
= (d|V (G)| − d)−
n∑
i=1
(d|V (Bi)| − d)
= d|V (Gb)| − d
Let Hb be a subgraph of Gb and let pi : G→ G¯b be the natural graph homo-
morphism. Define H to be the subgraph of G with V (H) = pi−1(V (Hb)) such
that H contains the body Bi whenever pi(V (Bi)) ∈ V (Hb) and H contains
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the inter-body edge vw whenever pi(v)pi(w) ∈ E(Hb). Then |V (Hb)| = |I|
where I = {i ∈ {1, . . . , n} : Bi ⊂ H} and
|E(Hb)| = |E(H)| −
∑
i∈I
|E(Bi)|
≤ (d|V (H)| − d)−
∑
i∈I
(d|V (Bi)| − d)
= d|V (Hb)| − d
Thus Gb is (d, d)-tight. For the general case note that by removing edges
from G we obtain a minimally rigid multi-body graph G˜. Thus by the above
argument G˜b is a vertex-complete (d, d)-tight subgraph of Gb.
(ii) ⇒ (i) If Gb is (d, d)-tight then it admits a partition as an edge-
disjoint union of d spanning trees T1, T2, . . . , Td (see [25]). We will construct
a placement of G such that pv − pw lies on the ith coordinate axis in Rd
whenever vw is an inter-body edge with pi(vw) ∈ Ti.
By Lemma 5.3 we can assume that the bodies B1, B2, . . . , Bn of G are
copies of the complete graph Km for some sufficiently large m. Let p1 :
V (B1)→ Rd be a generic placement of the body B1 and define inductively
the placements pk : V (Bk)→ Rd for k = 2, . . . , n so that
• pk(V (Bk)) = p1(V (B1)), and,
• pj(v) = pk(w) whenever j < k and vw ∈ E(G) is an inter-body edge
with v ∈ V (Bj) and w ∈ V (Bk).
Then (Bk, pk) is a generic, and hence infinitesimally rigid, bar-joint frame-
work for each k = 1, 2, . . . , n.
Define p : V (G) → Rd by setting p(v) = pi(v) whenever v ∈ V (Bi).
Note that p is not a placement of G since pv = pw for each inter-body edge
vw ∈ E(G). However, by perturbing p by a small amount we can obtain
a placement p′. Let  > 0 and let e1, e2, . . . , ed be the usual basis in Rd.
If v ∈ V (G) is not incident with an inter-body edge then set p′v = pv. If
vw ∈ E(G) is an inter-body edge and pi(vw) ∈ Ti then let p′v = pv + ei and
p′w = pw. The rigidity matrix for (G, p′) has the form,
Rq(G, p
′) =

Rq(B1, p
′)
. . .
Rq(Bn, p
′)
Z

where the rows of the submatrix Z correspond to the inter-body edges in G.
Suppose u = (u1, . . . , un) ∈ kerRq(G, p′). For a sufficiently small  each
subframework (Bi, p
′) is infinitesimally rigid, and so ui = (ai, . . . , ai) for
some ai ∈ Rd. If vw is an inter-body edge with pi(vw) ∈ Ti then the corre-
sponding row entries in Rq(G, p
′) are non-zero in the pv,i and pw,i columns
only. The spanning tree property now ensures that a1 = · · · = an and so the
kernel of Rq(G, p
′) has dimension d. Thus p′ is an infinitesimally rigid place-
ment of G in (Rd, ‖ · ‖q). More generally if Gb contains a vertex-complete
(d, d)-tight subgraph then by the above argument G is rigid in (Rd, ‖·‖q). 
We will require the following definition and corollary to characterise the
countable rigid multi-body graphs for (Rd, ‖ · ‖q).
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Definition 5.6. A multi-body graph for (Rd, ‖ · ‖q) is essentially minimally
rigid if it is rigid and removing any inter-body edge results in a multi-body
graph which is not rigid.
Corollary 5.7. Let G be a finite multi-body graph for (Rd, ‖·‖q) and suppose
that one of the following conditions holds.
(a) q = 2 and k = d(d+1)2 , or,
(b) q ∈ (1, 2) ∪ (2,∞) and k = d.
Then the following statements are equivalent.
(i) G is essentially minimally rigid in (Rd, ‖ · ‖q).
(ii) Gb is a (k, k)-tight multi-graph.
Proof. The proof follows immediately from Theorem 5.2 in case (a) and from
Theorem 5.5 in case (b). 
5.2. Rigidity of countable multi-body graphs. We are now able to
characterise the countable rigid multi-body graphs in (Rd, ‖ · ‖q) for all di-
mensions d ≥ 2 and all q ∈ (1,∞).
Given a finite bar-joint framework (G, p) in (Rd, ‖ · ‖q) we denote by
Xrow(G, p) the row space of the rigidity matrix Rq(G, p).
Definition 5.8. A finite multi-body graph for (Rd, ‖ · ‖q) is essentially in-
dependent if given any generic placement p ∈ P(G) the row space of the
rigidity matrix Rq(G, p) may be expressed as a direct sum
Xrow(G, p) = XB1 ⊕ · · · ⊕XBn ⊕XIB
where XBi is the subspace of Xrow(G, p) spanned by the rows of Rq(G, p)
which correspond to the edges of the body Bi and XIB is the subspace
spanned by the rows which correspond to the inter-body edges of G.
The following result is an analogue of Proposition 3.3.
Proposition 5.9. Let G be a finite multi-body graph for (Rd, ‖ · ‖q) and
suppose that one of the following conditions holds.
(a) q = 2, k = d(d+1)2 and G contains at least d(d+ 1) vertices, or,
(b) q ∈ (1, 2) ∪ (2,∞), k = d and G contains at least 2d vertices.
Then the following statements are equivalent.
(i) G is essentially independent with respect to (Rd, ‖ · ‖q).
(ii) Gb is (k, k)-sparse.
Proof. Suppose G is essentially independent and let p : V (G) → Rd be a
generic placement of G. If Hb is a subgraph of Gb and B1, B2, . . . , Bn are the
bodies of G then let H be the subgraph of G with V (H) = pi−1(V (Hb)) such
that H contains the body Bi whenever pi(V (Bi)) ∈ V (Hb) and H contains
the inter-body edge vw whenever pi(vw) ∈ E(Hb). If I = {i ∈ {1, . . . , n} :
Bi ⊂ H} then
|E(Hb)| = rankRq(H, p)−
∑
i∈I
rankRq(Bi, p)
≤ (d|V (H)| − k)−
∑
i∈I
(d|V (Bi)| − k)
= k|V (Hb)| − k
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Thus Gb is (k, k)-sparse.
Conversely, if Gb is (k, k)-sparse then by Proposition 2.18 Gb is a vertex-
complete subgraph of a (k, k)-tight multi-graph G′b which has no reflexive
edges. Let G′ be a multi-body graph with body-bar graph isomorphic to
G′b and which contains G as a subgraph. By Corollary 5.7, G
′ is essentially
minimally rigid and it follows that G is essentially independent. 
We now prove an analogue of Theorem 3.4 which shows that in the cate-
gory of multi-body graphs relative rigidity is equivalent to the existence of
a rigid container for all dimensions d and for all `q norms.
Theorem 5.10. Let G be a finite multi-body graph for (Rd, ‖ · ‖q) and let
H be a subgraph of G which is a multi-body graph whose body subgraphs are
bodies of G. Suppose that one of the following conditions holds.
(a) q = 2 and H contains at least d(d+ 1) vertices, or,
(b) q ∈ (1, 2) ∪ (2,∞) and H contains at least 2d vertices.
Then the following statements are equivalent.
(i) H is relatively rigid in G with respect to (Rd, ‖ · ‖q).
(ii) H has a rigid container in G with respect to (Rd, ‖ · ‖q) which is a
multi-body graph.
Proof. (i) ⇒ (ii) Consider first the case when G is essentially independent
with respect to (Rd, ‖ · ‖q). By Proposition 5.9, the body-bar graph Gb
is (k, k)-sparse. Let pi(v), pi(w) ∈ V (Hb) be distinct vertices of Hb with
pi(vw) /∈ E(Hb). By enlarging the bodies of G and H we can assume without
loss of generality that there exist representative vertices v, w ∈ V (H) such
that v and w are not incident with any inter-body edges of G. Since KV (H)
is rigid in (Rd, ‖ · ‖q) the relative rigidity property implies that
Fq(G, p) = Fq(G ∪KV (H), p)
for every generic placement p. It follows that G′ = G ∪ {vw} is a multi-
body graph which is not essentially independent. Note that G′ has the same
bodies asG and so by Proposition 5.9, the associated body-bar graph (G′)b =
Gb ∪ {pi(vw)} is not (k, k)-sparse where pi : G → G¯b is the natural graph
homomorphism. Thus by Lemma 2.17 there exists a (k, k)-tight subgraph
(Hv,w)b of Gb with pi(v), pi(w) ∈ V ((Hv,w)b).
Define H ′b to be the union of Hb together with the subgraphs (Hv,w)b for
all such pairs pi(v), pi(w). By Proposition 2.18, H ′b is (k, k)-tight. Let H
′ be
the induced multi-body subgraph of G with body-bar graph isomorphic to
H ′b. By Corollary 5.7 H
′ is rigid in (Rd, ‖ · ‖q) and so H ′ is a rigid container
for H in G.
If G is not essentially independent then let p : V (G) → Rd be a generic
placement of G. There exists an inter-body edge vw ∈ E(G) such that
kerRq(G, p) = kerRq(G\vw, p)
Let G1 = G\vw and H1 = H\vw and note that H1 is relatively rigid in
G1. Continuing to remove edges in this way we arrive after finitely many
iterations at subgraphs Hn and Gn such that V (Hn) = V (H), Hn is rela-
tively rigid in Gn and Gn is essentially independent. By the above argument
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there exists a rigid container H ′n for Hn in Gn. Now H ′ = H ′n ∪H is a rigid
container for H in G.
(ii) ⇒ (i) If H has a rigid container H ′ in G and p : V (G) → Rd is a
generic placement of G then no non-trivial infinitesimal flex of (H, p) extends
to (H ′, p). The result follows. 
We now prove the equivalence of rigidity and sequential rigidity for multi-
body graphs with respect to all `q-norms and in all dimensions d ≥ 2.
Theorem 5.11. Let G be a countable multi-body graph for (Rd, ‖ ·‖q) where
q ∈ (1,∞). The following statements are equivalent.
(i) G is rigid in (Rd, ‖ · ‖q).
(ii) G is sequentially rigid in (Rd, ‖ · ‖q).
Proof. Suppose G is rigid in (Rd, ‖ · ‖q) and let p : V (G) → Rd be a
generic placement. By Theorem 3.10, there exists a vertex-complete tower
{(Gk, pk) : k ∈ N} in (G, p) which is relatively infinitesimally rigid. More-
over, we can assume that each Gk is a multi-body graph. By Proposition
5.10, Gk has a rigid container Hk in Gk+1 for each k ∈ N. Thus the se-
quence {Hk : k ∈ N} is a vertex-complete tower of rigid graphs in G. For
the converse apply Corollary 3.12. 
Theorem 5.12. Let G be a countable multi-body graph for (Rd, ‖ ·‖q) where
q ∈ (1,∞).
(A) The following statements are equivalent.
(i) G is rigid in (Rd, ‖ · ‖2).
(ii) Gb has a
(
d(d+1)
2 ,
d(d+1)
2
)
-tight vertex-complete tower.
(B) If q ∈ (1, 2) ∪ (2,∞) then the following statements are equivalent.
(i) G is rigid in (Rd, ‖ · ‖q).
(ii) Gb has a (d, d)-tight vertex-complete tower.
Proof. (i)⇒ (ii) If G is rigid then by Theorem 5.11, G is sequentially rigid.
Let {Gk : k ∈ N} be a vertex-complete tower of rigid subgraphs in G and
let B1, B2, . . . be the bodies of G. We may assume that each Gk is a multi-
body graph. Applying the induction argument used in Theorem 3.19 we
construct a vertex-complete tower of essentially minimally rigid multi-body
subgraphs in G. To do this let H1 be the multi-body graph obtained by
taking all bodies which lie in G˜1 and adjoining inter-body edges of G1 until
an essentially minimally rigid graph is reached. The induced sequence of
body-bar graphs {(Hk)b : k ∈ N} is a vertex-complete tower in Gb. By
Corollary 5.7 each body-bar graph (Hk)b is
(
d(d+1)
2 ,
d(d+1)
2
)
-tight in case
(A) and (d, d)-tight in case (B).
(ii) ⇒ (i) Let {Gk,b : k ∈ N} be a
(
d(d+1)
2 ,
d(d+1)
2
)
-tight vertex-complete
tower in Gb and let pi : G → G¯b be the natural graph homomorphism.
Define Gk to be the subgraph of G with V (Gk) = pi
−1(V (Gk,b)) such that
Gk contains the body Bi whenever pi(V (Bi)) ∈ V (Gk,b) and Gk contains the
inter-body edge vw whenever pi(vw) ∈ E(Gk,b). Then Gk,b is the body-bar
graph for Gk and so Gk is rigid by Theorem 5.2. Thus {Gk : k ∈ N} is a
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vertex-complete tower of rigid subgraphs in G and so G is sequentially rigid.
By Theorem 5.11, G is rigid.
To prove (B) we apply similar arguments to the above using the non-
Euclidean versions of the relevant propositions and substituting Theorem
5.5 for Theorem 5.2. 
Corollary 5.13. Let G be a countable multi-body graph for (Rd, ‖·‖q) where
q ∈ (1,∞).
(A) The following statements are equivalent.
(i) G is essentially minimally rigid in (Rd, ‖ · ‖2).
(ii) Gb has a
(
d(d+1)
2 ,
d(d+1)
2
)
-tight edge-complete tower.
(B) If q ∈ (1, 2) ∪ (2,∞) then the following statements are equivalent.
(i) G is essentially minimally rigid in (Rd, ‖ · ‖q).
(ii) Gb has a (d, d)-tight edge-complete tower.
Proof. (i) ⇒ (ii) If G is essentially minimally rigid in (Rd, ‖ · ‖q) then by
Theorem 5.12, Gb contains a (k, k)-tight vertex-complete tower {Gk : k ∈ N}
and this tower must be edge-complete.
(ii)⇒ (i) If Gb contains a (k, k)-tight edge-complete tower {Gk,b : k ∈ N}
then by Theorem 5.12, G is rigid. Let vw ∈ E(G) be an inter-body edge and
suppose G\{vw} is rigid. By Theorem 5.11 G\{vw} is sequentially rigid and
so there exists a vertex-complete tower {Hk : k ∈ N} in G\{vw} consisting
of rigid subgraphs. Moreover, we can assume that each Hk is a multi-body
graph. Choose a sufficiently large k such that v, w ∈ V (Hk) and choose a
sufficiently large n such that vw ∈ E(Gn) and Hk is a subgraph of Gn. Then
the body-bar graph for Hk ∪ {vw} is a subgraph of (Gn)b which fails the
sparsity count for (Gn)b. We conclude that G\{vw} is not rigid in (Rd, ‖·‖q)
for all vw ∈ E(G). 
5.3. Remarks. A key feature of body-bar frameworks is the nonincidence
condition for the bars. This makes available special realisations which are
rigid, as we have seen in the proof of the analogue of Tay’s theorem, Theorem
5.5. Other instances of this can be seen in the matroid analysis of Whiteley
[43] and in the analysis of Borcea and Streinu [5] and Ross [35] of locally
finite graphs with periodically rigid periodic bar-joint frameworks.
6. Continuous rigidity for countable graphs
In this section we extend the Asimow-Roth theorem (Theorem 2.5) on
the equivalence of infinitesimal rigidity and continuous rigidity for finite
bar-joint frameworks to the non-Euclidean `q-norms. Both directions of
this equivalence are shown to fail for placements of countable graphs in the
Euclidean plane. We also discuss other forms of rigidity beyond absolute
infinitesimal rigidity, including infinitesimal rigidity relative to continuous
velocity fields and continuous rigidity relative to bounded motions. These
forms are appropriate for the analysis of infinite bar-joint frameworks that
sit in a bounded region of space and in particular we show that the infinitely-
faceted simplicial polytope graphs of Section 4 admit various continuously
rigid placements.
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6.1. Asimow-Roth theorem and `q norms. Let (G, p) be a bar-joint
framework in a normed vector space (Rd, ‖ · ‖). The edge-function fG(x) for
G is the mapping
fG : Rd|V (G)| → R|E(G)|, x = (xv)v∈V (G) 7→ (‖xv − xw‖)vw∈E(G)
and the configuration space V (G, p) for (G, p) is the pre-image
V (G, p) = {x ∈ Rd|V (G)| : fG(x) = fG(p)}
There is a one-to-one correspondence between the continuous flexes {αv :
v ∈ V (G)} of (G, p) and continuous paths in the configuration space α :
[−1, 1] → V (G, p) which are based at p. The following lemma establishes
the connection between the configuration space and the space of infinitesimal
flexes F(G, p).
Lemma 6.1. Let (G, p) be a finite bar-joint framework in (Rd, ‖·‖). Suppose
there exists a neighbourhood U of p on which fG(x) is a C
1 mapping and
dfG(x) has constant rank k. Then,
(i) V (G, p) ∩ U is a C1-manifold of codimension k in Rd|V (G)|.
(ii) F(G, p) is linearly isomorphic to the tangent space to V (G, p) ∩ U at
p.
Proof. (i) Apply the rank theorem [24, Theorem 1.3.14].
(ii) A mapping u : V (G)→ Rd is an infinitesimal flex of (G, p) if and only
if DufG(p) = 0 where DufG denotes the directional derivative of fG(x) in
the direction of u = (uv1 , . . . , uvn) ∈ Rd|V (G)|. Since fG(x) is differentiable
at p we have DufG(p) = dfG(p)u and so the result follows. 
The following lemma provides a characterisation for the trivial continuous
flexes of a bar-joint framework with respect to the non-Euclidean `q norms.
Lemma 6.2. Let {αv : v ∈ V (G)} be a continuous flex of a bar-joint frame-
work (G, p) in (Rd, ‖ · ‖). If (Rd, ‖ · ‖) admits only finitely many linear
isometries T : Rd → Rd then the following statements are equivalent.
(i) {αv : v ∈ V (G)} is a trivial continuous flex of (G, p).
(ii) There exists δ > 0 such that αv(t) = pv + c(t) for all t ∈ (−δ, δ) and
all v ∈ V (G) where c : [−1, 1]→ Rd is a continuous path in (Rd, ‖ · ‖).
Proof. If {αv : v ∈ V (G)} is a trivial continuous flex of (G, p) then there
exists a continuous rigid motion Γ(x, t) : Rd × [−1, 1]→ Rd with Γ(pv, t) =
αv(t) for all v ∈ V (G) and all t ∈ [−1, 1]. By the Mazur-Ulam theorem,
Γt : Rd → Rd, x 7→ Γ(x, t) is an affine transformation and so there exists
a linear map At and a vector c(t) ∈ Rd with Γt(x) = At(x) + c(t) for all
x ∈ Rd. Since (Rd, ‖·‖) admits only finitely many linear isometries it follows
that At = I for all sufficiently small values of t. Conversely, if (ii) holds
then Γ(x, t) : Rd × [−1, 1]→ Rd, (x, t) 7→ x+ c(t) defines a continuous rigid
motion of Rd which induces the continuous flex {αv : v ∈ V (G)}.

We now prove the equivalence of continuous and infinitesimal rigidity
with respect to the non-Euclidean `q norms on Rd for regular placements of
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a finite graph G which lie in the complement of the variety
V(G) :=
x ∈ Rd|V (G)| : ∏
vw∈E(G)
d∏
i=1
(xv,i − xw,i) = 0

Theorem 6.3. Let (G, p) be a finite bar-joint framework in (Rd, ‖·‖q) where
q ∈ (1, 2)∪ (2,∞). If p /∈ V(G) then the following statements are equivalent.
(i) (G, p) is continuously rigid and regular.
(ii) (G, p) is infinitesimally rigid.
Proof. (i)⇒ (ii). As p /∈ V(G) there exists a neighbourhood of p on which
fG(x) is a C
1 mapping and, since (G, p) is regular, dfG(x) is constant on a
neighbourhood of p. By Lemma 6.1, V (G, p)∩U is a C1-manifold and we can
identify the tangent space at p with F(G, p). If u = (uv)v∈V (G) ∈ F(G, p)
then there exists a continuous path α : [−1, 1]→ V (G, p)∩U with α(0) = p
and α′(0) = u. Now the collection of component functions {αv : v ∈ V (G)}
is a continuous flex of (G, p). By Lemma 6.2, there exists a continuous path
c : [−1, 1]→ Rd and a positive real number δ such that αv(t) = pv + c(t) for
all |t| < δ. Hence uv = α′v(0) = c′(0) for all v ∈ V (G) and so u is a trivial
infinitesimal flex of (G, p).
(ii)⇒ (i). Suppose (G, p) is minimally infinitesimally rigid and let {αv :
v ∈ V (G)} be a continuous flex of (G, p). Choose a vertex v0 ∈ V (G) and
define
α˜v : [−1, 1]→ V (G, p), α˜v(t) = αv(t)− (αv0(t)− pv0)
Note that {α˜v : v ∈ V (G)} is a continuous flex of (G, p) which determines
a continuous path α˜ : [−1, 1]→ V (G, p), t 7→ (α˜v(t))v∈V (G). By Proposition
6.1(ii) we have
ker dfG(p) = F(G, p) = T (G, p) = {(a, . . . , a) ∈ Rd|V (G)| : a ∈ Rd}
and since (G, p) is minimally infinitesimally rigid it follows that
|E(G)| = rank dfG(p) = d|V (G)| − d
Define
F : Rd|V (G)| → Rd|V (G)|, x = (xv)v∈V (G) 7→ (fG(x)− fG(p), xv0 − pv0)
Then dF (p) is injective and so F (x) is injective on a neighbourhood U of
p. Note that F (α˜(t)) = F (p) = 0 and so α˜(t) = p for all t ∈ α˜−1(U).
Now αv(t) = pv + (αv0(t) − pv0) for all t ∈ α˜−1(U). Hence by Lemma 6.2,
{αv : v ∈ V (G)} is a trivial continuous flex of (G, p). We conclude that
(G, p) is continuously rigid. More generally, if (G, p) is infinitesimally rigid
then G contains a vertex-complete subgraph H such that (H, p) is minimally
infinitesimally rigid. By the above argument (H, p) is continuously rigid and
so (G, p) is also continuously rigid.

From this equivalence and our remarks following Theorem 4.18 it follows
that a generic convex simplicial polyhedron P is continuously flexible, as a
bar-joint framework, in any non-Euclidean spaces. Also P becomes contin-
uously rigid following the addition of three non-incident internal bars. In
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analogy with Example 1, for 1 < q < ∞, q 6= 2, any connected compo-
nent of placements of P with a vertex fixed at the origin is a 3-dimensional
embedded manifold in R3|V (G)|.
6.2. Nonequivalence for infinite frameworks. That a countable in-
finitesimally flexible framework can be continuously rigid in a generic re-
alisation can be seen by exploiting the triangle inequality to arrange that
a vertex complete inclusion chain of finite subframeworks has diminishing
flexibility, tending to zero. We see polytope examples of this below. On the
other hand the following example shows that a continuously flexible regular
framework can be infinitesimally rigid.
Example 6.4. Infinitesimally rigid and continuously flexible. Con-
sider the Euclidean planar framework (G, p) suggested by Figure 8.
A
X
Q RP S
B
Y
Figure 8. Infinitesimally rigid and continuously flexible.
The triples of points {A,X,Q}, {B, Y, S}, . . . are collinear and the placement
is periodic to the right. Suppose, by way of contradiction, that u is a nonzero
infinitesimal flex of which assigns zero velocities to the the vertices lying on
and below the line through PQRS, with velocities uX , uY , uZ , . . . for the
vertices X,Y, Z, . . . . One of these velocities must be nonzero and without
loss of generality we may assume uX 6= 0. Thus uB 6= 0 and since B, Y, S are
collinear uB is in the direction of the positive x-axis. However, uS = 0 and
B, Y, S are collinear and so this is a contradiction since there is no choice of
finite velocity uY to satisfy the flex conditions for the edges BY and Y S.
To see that the framework can be continuously flexible assume that |XQ| <
|QR| and |QB| > |XB| > |RB|. Consider the finite subframework, (G1, pi)
say, supported by the labelled vertices and the four vertices below P,Q,R, S.
For this subframework, consider the joints P,Q,R, S as fixed. As AP ro-
tates through a clockwise angle t > 0 the bar XQ rotates clockwise achiev-
ing a horizontal position for the angle t = t1 say. The induced angular
position θ(t) of BR first achieves a local maximum, θmax, when QX and
XB are collinear, and then retreats through positive values to a final value
θfin = θ(t1). In view of the geometry θfin > 0. Thus the angular range of
the continuous function θ is included in the angular range of its argument t.
It follows, by iteration of this inclusion principle, that the resulting contin-
uous flex pi(t) of (G1, pi), with flex parameter t = t1, is extendible, uniquely,
to a continuous flex p(t) of any finite strip and indeed of the entire infinite
framework.
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One might say, colloquially, that the paradox of this example arises be-
cause we do not admit infinitesimal flexes with infinite magnitudes while we
do admit continuous flexes p(t) for which t→ pk(t) may fail to be differen-
tiable at t = 0 for some joint pk.
6.3. Infinitesimal rigidity with respect to continuous velocity fields.
There can be placements of countable graphs, including generic placements,
which while failing to be infinitesimally rigid are nevertheless infinitesimally
rigid with respect to well-behaved or admissible velocity fields. In fact this
is already a feature in the rigidity theory of periodic graphs and crystal-
lographic frameworks where periodicity of some form is required, leading
to properties such as periodic rigidity, affinely periodic rigidity and phase-
periodic rigidity.
The next definition is based on the requirement that there is a continuous
variation of velocity vectors over the framework. One might say that such
frameworks are continuously infinitesimally rigid but for clarity we refrain
from doing so. For the remainder of this section we consider only placements
in Euclidean spaces.
Definition 6.5. Let (G, p) be a countable bar-joint framework in the Eu-
clidean space Rd for the placement p : V (G) → Rd and let Uc(G, p) be the
vector space of velocity fields u : V (G) → Rd which are continuous for the
topology induced by p−1. Then (G, p) is infinitesimally rigid for continuous
velocity fields if
F(G, p) ∩ Uc(G, p) = F(G, p) ∩ Uc(G, p) ∩ T (G, p)
The infinite strip graph G in Figure 9, which in fact is the structure graph
for Example 6.4, serves to illustrate that the nature of infinitesimal flexes
varies considerably according to the geometry of the placement.
1
2
7
3
4
Figure 9. The strip graph G.
Consider for example the radial placement in which the vertical edges of
Figure 9 are placed on the lines x = 1
2k
, for k = 1, 2, . . . and the vertices
are placed on the three radial lines y = −x, y = 0 and y = x in the
left half-plane. The origin is the unique accumulation point of the vertex
placements. Then there is an infinitesimal flex u = (uk) with uk = (1, 0) for
k = 1, 4, 7, . . . and uk = (0, 0) otherwise. Any infinitesimal flex in F(G, p)
is a linear combination λu+µw with w in T (G, p) and so it follows that the
framework is infinitesimally rigid for continuous velocity fields.
In fact one can construct a placement p = (pk) which admits a flex for
which the velocities u1, u4, u7, . . . realise an arbitrary sequence of speeds.
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That is, given positive speeds s1, s4, s7, . . . there is a placement and an
infinitesimal flex u with ‖uk‖2 = sk for k = 1, 4, 7, . . . and uk = (0, 0)
otherwise.
The next example shows how the rigidity matrix can be used to determine
infinitesimal rigidity for continuous velocity fields.
Example 6.6. Whirlpool frameworks. Let G be the countable graph
suggested by Figure 10. We define a whirlpool framework to be one that
arises from a planar placement of G with a single (finite) accumulation
point for the (distinct) vertex placements. Note that the addition of any
edge to G gives a countable minimally 2-rigid graph and so dimfl(G) = 1.
If (G, p) is a generic whirlpool framework then dimfl(G, p) = 1 and every
nontrivial infinitesimal flex is uniquely associated with a nontrivial flex of
the outer rectangular subframework. Such flexes u = (uk) are determined
by the rigidity matrix R2(G, p) and this calculation can be made explicit
in the presence of symmetry. We now show this for the affinely periodic
placement indicated in Figure 10.
Figure 10. An affinely periodic whirlpool framework.
We have
p1 = (3, 3), p2 = (−3, 3), p3 = (−3,−3), p4 = (3,−3)
p5 = (1, 2), p6 = (−2, 1), p7 = (−1,−2), p8 = (2,−1)
and successive placements satisfy pk+4 = Upk, with U =
1
3
[
1 2
2 1
]
. Here
the pk are viewed as their column vectors.
The finite framework (G1, (p1, . . . , p8)) supported by the first eight ver-
tices has a finite structure graph with edges e1, e2, . . . , e12, for the pairs
(12), (23), (34), (41), (56), (67), (78), (85), (15), (26), (37), (48)
The rigidity matrix R = R(G, (p1, . . . , p8)) has the form
R =
 R1 00 R2
X −X

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where
R1 =

6 0 −6 0 0 0 0 0
0 0 0 6 0 −6 0 0
0 0 0 0 −6 0 6 0
0 6 0 0 0 0 0 −6

and
R2 =

3 1 −3 −1 0 0 0 0
0 0 −1 3 1 −3 0 0
0 0 0 0 −3 −1 3 1
−1 3 0 0 0 0 1 −3

are the rigidity matrices for the outer and inner square frameworks, and
X =

2 1 0 0 0 0 0 0
0 0 −1 2 0 0 0 0
0 0 0 0 −2 −1 0 0
0 0 0 0 0 0 1 −2

Note that a = ((1, 1), (1,−1), (−1,−1), (−1, 1)) is an infinitesimal flex of the
outer square, with half turn symmetry. Let b ∈ R8 so that u = (a, b) is a
velocity vector for the 8-vertex subframework. Solving the linear system
Rut = 0 for b leads to an infinitesimal flex and taking b with half-turn sym-
metry reduces this calculation to one with 4 rather than 8 indeterminates.
We have
b = ((3/4, 3/2), (3/2,−3/4), (−3/4,−3/2), (−3/2, 3/4)
Also this infinitesimal flex of the inner square has the same form as that
for the outer square in that its velocities are directed along the diagonal
directions of the square. In particular, the infinitesimal flex u = (a, b, . . . )
of the infinite whirlpool framework is now determined by the affine symme-
try. Since ‖(3/2, 3/4)‖2/‖(1, 1)‖2 =
√
45/32 > 1 we have u = (uk) with
‖uk‖ → ∞ as k →∞. Since the framework is generic with flexibility dimen-
sion dimfl(G, p) = 1 it follows that this divergence property holds for any
nontrivial infinitesimal flex. Thus (G, p) is infinitesimally rigid for continu-
ous velocity fields.
If a continuous flex of a finite bar-joint framework is differentiable then the
derivative at t = 0 is an infinitesimal flex. The same assertion therefore holds
for infinite frameworks. Thus we conclude immediately that the whirlpool
framework does not admit a continuous flex that is smooth in the sense of
being the restriction of a differentiable velocity field on R2. In fact one can
show that (G, p) is continuously rigid.
Note that a whirlpool placement (G, q) which is fully symmetric, with
symmetry group of the square, has dimfl(G, p) = ∞ since each square 4-
cycle subframework supports an infinitesimal rotation flex. In this case
(G, q) is not infinitesimally rigid for continuous velocity fields.
6.4. Continuous rigidity with respect to regular motions. The con-
tinuous motion of a translationally periodic strip framework can be quite
chaotic. One way to make this precise is first to recall a theorem of Kempe
[19] to the effect that an arbitrary algebraic finite curve in the plane can
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be ”drawn” by a finite mechanism. That is, the curve agrees with the trace
of a joint in a (standardized) flex of uniquely continuously flexible finite
bar-joint framework. In particular one can realise a chaotic logistic map
t→ η(t) = at(1− t) by a mechanism M where t and η(t) are angle changes.
Figure 11 indicates a periodic mechanism built from such a finite mechanism
in which the angular deviation t from the vertical position at A induces an
angular deviation η(t) at B.
A B
M
Figure 11. Periodic mechanism framework.
The deviation induced by the increase of t from 0 to t0 at the n
th repeat, is
η ◦ · · · ◦ η(t0) (n compositions). It follows in particular that the sequence of
speeds of the placed vertices at any positive time is an unbounded sequence.
The same unbounded speeds property holds for the two-way infinite ver-
sion of the strip framework of Figure 8. However this framework does not
exhibit chaotic continuous motion. In fact there are two translationally pe-
riodic positions that may occur in any continuous flex (which fixes the base
framework) namely the initial placement (given in Figure 8) and the peri-
odic position in which all inclination angles are at the fixed point value for
the propagation function θ. For all other positions the inclination angles
tend to 0 to the left, while to the right the inclination angles tend towards
the positive fixed point angle in an oscillatory fashion.
It follows that these frameworks can be regarded as being continuously
rigid with respect to regular motions in the sense that the vertex speeds are
uniformly bounded at each time instant.
We also remark that there is a countable bar-joint framework variant of
Kempe’s theorem for the trace realisation of any finite continuous curve
t → η(t) (Owen and Power [31]). In these realisations there are a small
number of vertices of countable degree. It follows that with an appropri-
ate infinite black box mechanism one may in principle construct countable
graphs with periodic placements with diverse chaotic motion. It also follows
from such elaborate constructions that there exist countable graphs with
generic placements which are mechanisms (uniquely continuously flexible
frameworks) whose motion is nowhere differentiable.
6.5. Continuously rigid infinite polytopes. We now construct contin-
uously rigid placements of simplicial graphs of finite connectivity in the
Euclidean space R3.
For a general dimension d and sufficiently large finite graph G with place-
ment (G, p) write Vˆ (G, p) for the normalised variety of equivalent frame-
works (G, q) with the property that a specific set of d(d+ 1)/2 coordinates
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of p agree with the corresponding set for q. This might be considered as the
variety of standard placements equivalent to p. Thus, for generic p the set
Vˆ (G, p) is finite if and only if G is d-rigid. Also, for a sufficiently small open
ball B(p, δ) the intersection Vˆ (G, p)δ = Vˆ (G, p) ∩B(p, δ) is a manifold.
It is also convenient to write Vˆ0(G, p) for the connected component in
Vˆ (G, p) which contains p. Thus Vˆ0(G, p) = {p} if and only if the framework
is infinitesimally rigid, and otherwise there are continuous flexes taking val-
ues in Vˆ0(G, p).
We also write Vˆ (G, p) and Vˆ0(G, p) for the corresponding subsets of the
configuration space when G is infinite.
Lemma 6.7. Let {Gk : k ∈ N} be an edge-complete tower for the countable
simple graph G, and for k > j let pij,k : Rd|V (Gk)| → Rd|V (Gj)| be the canon-
ical linear projection. Suppose that for sufficiently small δ the diameter of
pij,k(Vˆ0(Gk, p)
δ) tends to zero as k → ∞ for each j ∈ N. Then (G, p) is
continuously rigid.
Proof. If (G, p) is continuously flexible then there is a continuous flex taking
values in Vˆ0(G, p) which is not constant on (Gj , p) for some index j. More-
over the sets pij,k(Vˆ0(Gk, p)), for all k > j contain the range of the restriction
of the flex to (Gj , p). In view of the assumptions this is a contradiction for
sufficiently large k. 
The next lemma concerns the approximate rigidity of what might be
referred to as the slack placements of a finite graph. In such placements
a number of edge incidence conditions are relaxed to proximity conditions.
In the case of incidence relaxation at a single vertex v1 the vertex v1 is
removed but not the edges incident to it. The incidence relation is recorded
in terms of a reconnection map pi and this map also features in placements
that satisfy an approximate incidence condition.
To be more precise, let G = (V,E) be a finite simple graph with V =
{v1, . . . , vn} and suppose that v1 has degree m − 1 and incident edges
v1v2, . . . , v1vm. Let G˜ = (V˜ , E˜) where
V˜ = (V \{v1}) ∪ {w2, . . . , wm}
E˜ = (E\{v1v2, . . . , v1vm}) ∪ {w2v2, . . . , wmvm}
so that G˜ arises by disconnecting the edges of G at v1. The reconnection
map is the map pi : V˜ → V with pi : wi → v1 for 2 ≤ i ≤ m.
More generally the disconnection graph G˜ may be defined over a finite
subset, V2 say, where V = V1 ∪ V2, by repeating of the disconnection oper-
ation. The associated reconnection map pi : V˜ → V is a surjection which
induces a bijection E˜ → E. With slight abuse of notation we may let V1
denote the subset in V˜ corresponding to V1, so that V˜ = V1 ∪ pi−1(V2).
If p : V → Rd is a placement for a bar-joint framework (G, p) then there is
a (non-injective) placement p˜ : V → Rd which we call the derived placement,
for which p˜v = pv for v ∈ V1 and p˜w = ppi(w) for w ∈ pi−1(V2).
Lemma 6.8. Let G = (V,E) be a finite simple graph with V = V1 ∪ V2, let
p : V (G) → Rd be a rigid, not necessarily generic, placement and assume
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that Vˆ0(G, p) is the standardised configuration space for a choice of d(d+1)/2
coordinates of the points pv with v ∈ V1. Let (G˜, p˜) be the derived placement
for the disconnection graph of G over V2 and for δ > 0 let Wδ be the set of
normalised δ-placements of G˜ associated with reconnection map pi;
Wδ = {q˜ ∈ Vˆ (G˜, p˜) : ‖q˜w − q˜w′‖ ≤ δ for w,w′ ∈ V2, pi(w) = pi(w′)}
Then for  > 0 there exists δ > 0 such that
Wδ ⊆ B(p˜, )
Proof. It suffices to note that the sets Wδ are compact and nested, and that
their intersection is the singleton set {p˜}. 
Lemmas 6.7 and 6.8 may be used in a number of ways to construct con-
tinuously rigid placements for various countable graphs which are obtained
by the refinement of 3-rigid finite graphs. In particular, let P be a simplicial
polytope in R3 with κ vertices and let G be an associated countable simpli-
cial graph G of topological connectivity κ arising from a triangulation of the
faces. Then one can construct a continuous convex placement (G, p) with
polytope body P(G, p) = P which is continuously rigid. We omit the proof
since it is a straightforward variant of the proof of Theorem 6.9.
Let us say that a continuous semi-convex placement (G, p) of a countable
simplicial graph G of connectivity κ ≥ 1 is a flat placement if the compact
infinite polytope P(G, p) has well-defined tangent planes at the κ points of
accumulation of the vertex placements. Flatness is of interest as a property
for strictly convex infinitely-faceted polytopes which is not present for finite
simplicial polytopes. The next theorem shows that flatness is not in itself a
handicap to continuous rigidity.
Theorem 6.9. Let G be a simplicial graph of refinement type ρ and finite
connectivity κ ≥ 1. Then there is a convex flat continuous placement (G, p)
in R3 which is continuously rigid.
Proof. For notational convenience we assume that κ = ρ. The general case
follows similarly. Let G1 ⊆ G2 ⊆ . . . be an inclusion tower of edge-complete
(vertex-induced) finite subgraphs which are simplicial, of finite connectivity
κ and span G. We may suppose moreover that for each k the graph Gk+1 has
vertex set equal to the union of the vertices of Gk and the vertices adjacent
to Gk.
Let G+k be the connected component containing Gk of the disconnection
of Gk+1 over V (Gk+1)\V (Gk). Also let G′k be the multi-graph obtained by
identifying the vertices of G+k that are not in Gk. Figure 12 indicates the
relatedness of placements in R3 of the graphs G1, G2, G+1 and G′1 in the case
κ = 1.
We have
V (G′1) = V (G1) ∪ {v′1, . . . , v′κ}
and G+1 is the disconnection of G
′
1 over the vertices {v′1, . . . v′κ}. Note that G′1
is a simplicial graph of connectivity zero with possibly some edges repeated.
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Figure 12. Placements in R3 of the graphs G1, G2, G+1 and G′1.
We proceed by making progressive placements of the graphs Gk. For the
placement of G2 following the placement of G1 we make use of a temporary
placement of the 3-rigid multi-graph G′3 as a guide. In this step, which also
provides the argument for subsequent placements, the placement of G1 is
extended to a placement of G2 so that the diameter of the projection to G1
coordinates of the standardised variety of G2 has diameter less than .
Let  > 0. Place G1 generically on the unit sphere to create (G1, p(1)).
Since G′1 is a simplicial graph of connectivity zero with possibly some edges
repeated there is an extended generic placement p′(1) = (p(1), a1, a2, . . . , aκ)
of G′1 on the unit sphere which is continuously rigid. By Lemma 6.8 it follows
that there exists δ > 0 such that
Wδ(G
+
1 , p
′(1)) ⊆ B(p′(1), )
With this control of the diameter of the standardised configuration space
of the δ1-slack placements of (G
+
1 , p
′(1)) we now specify a placement of G3
which extends the placement of G1. We denote this as (G3, p(3)) where
p(3) = (p(1), q(3)) and we do this in such a manner that the length of each
perimeter of the nontriangular faces of G2 is less than δ. This ensures that
the projection of the standardised variety Vˆ (G2, p(3)|G2) to R3|V (G1)| is a
subset of the corresponding projection of Wδ(G
+
1 , p
′(1)) and hence of the
corresponding projection of B(p′(1), 1).
Similarly, with G3 playing the role of G1 we may determine an extended
placement of G4 which reduces the diameter of the projection to G2 coordi-
nates of the standardised variety of G3. For a sequence k > 0 which tends
to zero we may progressively determine a placement p for G so that the
diameter of the projection to Gk coordinates of the standardised variety of
the placement of Gk+1 has diameter less than k. That (G, p) is continuously
rigid follows from Lemma 6.7. 
6.6. Remarks. Generic placements do not play a significant role in the
argument above since the guiding placements of the 3-rigid simplicial poly-
hedral graphs G′k will be continuously rigid when given a convex placement.
In particular it follows that the polytope frameworks in Examples 4.22 and
4.21 have latitude specifications which give continuously rigid placements.
The determination of whether arbitrary semi-convex continuous placements
of simplicial polytope graphs of finite connectivity are continuously rigid is
an interesting issue which requires a more refined investigation of relative
continuous rigidity.
The bar-joint frameworks of strip graphs and their two-way infinite trans-
lationally periodic variants are also considered in Owen and Power [32].
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We note that Servatius and Servatius [38] have recently shown that a
sufficiently winding continuous flex of a finite framework (G1, q) need not
extend fully to any extension framework (G2, q
+), where G2 is obtained from
G1 by a Henneberg 2 move and q
+ is the augmentation of q by the new vertex
placement. This shows that some caution is required if one wishes to define
a continuous flex of an infinite framework by means of extensions through
an infinite a construction sequence of Henneberg moves.
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